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Introduction

Wolfram’s Mathematica is a very powerful computational
software suite, and the authors have graciously offered it
without cost for the Raspberry Pi.

The Wolfram language can be quite daunting for the novice
because it is capable of extremely complex tasks, well
beyond the novice.

This ebook is intended to be a collection of examples to
help the beginner get started and hopefully encourage them
to learn the Wolfram language.

Resources

« Wolfram Language Documentation Center

- Wolfram Demonstrations Project
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https://reference.wolfram.com/language/?source=nav
https://demonstrations.wolfram.com

Trigonometric Functions

The basic trigonometric functions are very easy to plot. The default angular unit in Mathematica is radians. However, this can

be changed to degrees by using the Degree modifier or using a conversion factor. The Ticks command can be used to
change the axis scale.

Plotting Functions

Gallery

Plot in Radians

- f=8in[x];
Plot[f, {x, 0, 2},
PlotLabel - "Sin[x1",

AxesLabel -» {"x 1in radians", "f[x]1"}]

Sinfx]

X In raqgians

Check the gallery for
plotting examples
Plot in Radians
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https://reference.wolfram.com/language/ref/Degree.html
https://reference.wolfram.com/language/ref/Ticks.html?q=Ticks

Plotting Functions using Manipulate

See Tech Note: Introduction to Manipulate

Always Clear values and definitions, otherwise
Mathematica will use previous ones. Gallery

Select Function | Sin[x] | Cos[x] | Tan[x] Sin[x]2 Cos[x]Sin[x]

- Clear [function, fcnl, fcn2, fcn3, fcnd4, fcn5)

fix]

fcnl = Sin[x]; o
fcn2 = Cos[x]; |
fcn3 = Tan[x];
fcnd = Sin[x] Sin[x]}; 051
fcn5 = Sin[x] Cos[x];
n
Manipulate[ 5
Plot[function, {x, 0, 27}, —05k
AxesLabel -» {"x", "f[x]1"},
n 3rx
: x > : -1.0}
Ticks » {{2 y Ty = Zn}, Automat1c}] y
Plot Various Trig Functions
{{function, fcnl, "Select Function"},
{fenl, fcn2, fcn3, fcnd4, fcn5}}, Sin(x)
FrameLabel -» "Plot Various Trig Funct‘ions"]
The Manipulate command can be used to
Use Ticks to change the x and y axis scales select between several functions.
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https://reference.wolfram.com/language/ref/Manipulate.html
https://reference.wolfram.com/language/ref/Ticks.html
https://reference.wolfram.com/language/tutorial/IntroductionToManipulate.html
https://reference.wolfram.com/language/ref/Clear.html

Manipulating Function Parameters

Manipulate][
Plot[ASin[2x f t +¢], (t, -1, 1},
PlotRange -» {Automatic, {-2, 2}},
AxesLabel » {"t in Seconds", "f(t)"}, ImageSize -» 500],

{{A, 1.0, "Amplitude"}, 0, 2, Appearance - "Labeled"},
{{f, 1, "Frequency (Hz)"}, 0.5, 5, Appearance -» "Labeled"},
{{¢, ©, "Phase Shift (radians)"}, -x, x, Appearance - "Labeled"}, ggery

Amplitude 1l

FrameLabel -» "Manipulating a Sine Wave"

] Phase Shift (radians) 0

Sliders can be used to vary function parameters. |
Use Appearance -> “Labeled” to place the parameter
value at the end of the slider. S0 _o\ Ovo tin Seconds
-1t

2L

Frequency (Hz) e 1

Manipulating a Sine Wave
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https://reference.wolfram.com/language/ref/Appearance.html

Plotting & Adding two Sine Waves

:Manipulate[

GraphicsRow[{

Plot[{sin[x], Sin[x + 6]}, {X, -27, 27},
-3 - 3x

Ticks » {{-2"’ T: =70, ?’ 2’ Ty T’ 2"}’ Automatic},

PlotRange -» {Automatic, {-2, 2}},
AxesLabel » {"x", "f(x)"},

PlotLabel -» "Two Sine Waves"] , Use GraphicsRow to place
two plots side by side.

Plot[{Sin[x] +Sin[x+ 6]}, (X, -2, 27},
-3 - 3x

Ticks » {{-271’, T, -7, 7’ ;’ T, T’ 2"}’ Automatic},

PlotRange -» {Automatic, {-2, 2}},
AxesLabel -» {"x", "f(x)"},

Phase Shift = I 2.46301
PlotLabel - "Sum"]
}] ’ Two Sine Waves
7 "ph hift" "Labeled" f(x)
{{¢, z, Phase Shift }, -m, , Appearance - "Labele }, o

FrameLabel -» "Sum of Two Sine Waves"]

JAVA'Q VAR

N
=
()
=
|
I
(S~
(=
=)
(]
~ 4

Sum of Two Sine Waves
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https://reference.wolfram.com/language/ref/GraphicsRow.html

Plotting a Series of Sine Waves The parameter f is
being varied

Make a Table of the series
Table[% sin[2nfty, (f, 1, 5}]

1 1 1 1
{S'in[ZJTt], > sinfart], S sin(6rt], ; singrt], g51'n[1e>nt]}

The Evaluate command is used to
separate each table component.

1 L
Plot[Table[ = Sin[2x ft], (f, 1, 5}], (t, ©, 1), Plot [EvaluateeTable[ = sin[2x f t], (f, 1, 5}], (t, 0, 13,
PlotLabel -» "Series of Sine Waves",
AxesLabel » ("t", "f(t)"},

PlotLabel -» "Series of Sine Waves",
AxeslLabel -» ("t", "f(t)"}]
PlotLegends -» "Expressions"]

Series of Sine Waves
f(t) Series of Sine Waves

Plot the Table

1.0}

— sin(2 7T t)

05f —_ isin(4nt)

‘A.A g"‘ '“ - sin(6 rr t)

vwv’ YW — Lsin@

05F

-0.5} —_ é sin(10 7T t)

-05¢

-1.0}

The PlotLegends command is used to label
each table component.
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http://www.apple.com
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Plotting Hyperbolic Functions

ClearAll["Global "]

Manipulate[
Modu'le[{funcs, selectedFuncs, xlo, xhi, eps = 10™°, xticks, . Creating plot tick labels
(«xTick tablesx)
kmin, kmax}, xticks = If[
xlo
3 = 7 n 7 o .
(«Define hyperbolic functions and labelsx) LR B L L L F'loor[z x J°
- xhi
LU kmax = Ce1'11°ng[2 —] 3
"Sinh" - Sinh, n
T
"Cosh" - Cosh, _ Table[{k -
Label the functions to use as 2
"Tanh" - Tanh, tick b bis
Ick boxes = 0. "e" ~ .
"Csch" - Csch, If[k - P - L Trad‘it‘ionalForm[k 2]]}, {k, kmin, kmax}] :
"Sech" - Sech,
"Coth" - Coth|>; («Degree labelingx)
xlo « 188
kmin:Floor[ = ]*90;
selectedFuncs = Values@KeyTake[funcs, selected] 20
. 180
xhi » —
i kmax=Ce'il'ing[—"]*90;
(«»to prevent unexpected zeros when plottingx) 90
{xlo, xhi} = Sort@eNe {xmin, xmax};
If[Abs[xhi - x1lo] < eps, xhi = x1o0 + eps] ; Table[{k Degree, ToString[k] <> "°"}, {k, kmin, kmax, 90}]];

Zeros occur when the upper (xmax]
and lower (xmin) plot ranges coincide
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Plot[Evaluate@eTable[f[x], {f, selectedFuncs}], {x, xlo, xhi},

PlotRange » {-5, 5},
PlotLegends -» selected,
AxesLabel » {"x", "f(x)"},
Ticks » {xticks, Automatic},

GridLines -» Automatiic] ] :

(xControlsx)
{{selected, {"Sinh", "Cosh"}},

{"Sinh", "Cosh", "Tanh", "Csch", "Sech", "Coth"},

ControlType -» CheckboxBar},
{{unit, "Radians"}, {"Radians", "Degrees"}},

{{xmin, -x}, -2 7, 0, Appearance - "Labeled"},
{{xmax, x}, @, 2 x, Appearance - "Labeled"},

FrameLabel -» "Hyperbolic Functi ons"]

selected v!Sinh |v|/Cosh v/Tanh v/Csch v/Sech v|Coth

unit ‘ Radians l Degrees ’

‘_n

xmin

,n"

Xmax

— Sinh
— Cosh
Tanh

NI

— Csch
— Sech
— Coth

Mathematica & Raspberry Pi

Hyperbolic Functions
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Piecewise/Discontinuous Functions

A Pulse

ClearAll[f, t, pw] (» get into the habit of clearing the variablesx)

f[t_] =Piecewise[{{1l, -1<t<1}}];

pw = 23
Plot[f[t], {t, -2, 2}, AxesLabel » {"t", "f(t)"}, PlotLabel -» "Pulse",
PlotStyle » {Thick, Red}, Exclusions - None,

Epilog - {
Arrow[{{-2, 0.4}, {-1, 0.4}}], (* insert a right pointing arrow =x)
Arrow[{{2, 0.4}, {1, 0.4}}], (* insert a left pointing arrow =x)
Inset[pw, {0.9, 0.4}], (*» insert a calculation «x)

Values not specified are assumed to be zero.

Use Epilog to add graphic
elements to a plot.

Text["Pulse Width = ", {0.5, 0.4}] (* insert text ) Pulse

f(t)

 »)

Use Exclusions— None to draw the
leading and trailing edges.

0.8}

0.6

! 0.4+

0.2F

Pulse Width =2

-2 -1
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https://reference.wolfram.com/language/ref/Piecewise.html?q=Piecewise
https://reference.wolfram.com/language/ref/Epilog.html

Ramp Function

The ListPlot command can be used
for discontinuous functions.

Clear[an, bn, L, number]

L=1;

ListPlot[{{-2, 0}, {-1, 1}, {-1, -1}, {1, 1}, {1, -1}, {2, 0}},
Joined - True]

0.5F

-0.5
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https://reference.wolfram.com/language/ref/ListPlot.html?q=ListPlot

Arbitrary Function

ClearAll[f, t]
f[t_] = Piecewise[{{t?, t <0}, {t, t>0}}] (+Two piecesx)

Plot[f[t], (t, -2, 2},

AxesLabel -» {("t", "f(t)"}, PlotLabel » "Piecewise Function",

Epilog - {
Arrow[{{1, 3}, {0, O}}], (* insert arrow =)

Text["Discontinuity", {1.4, 3}](» insert text x)

Piecewise Function
} f(t)
] al

t>0

Discontinuity

The Piecewise statement can be 6l=

embedded into the Plot command.
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https://reference.wolfram.com/language/ref/Piecewise.html
https://reference.wolfram.com/language/ref/Plot.html

Arbitrary Function

ClearAll[t]

Piecewise[{{Sin[2t], t < -1}, {t, t <1}, {Cos[2t], t>1}}];

(xThree piecesx)

PlokIN, (£ -2, 2}, % means the last result
Exclusions -> None,
AxesLabel » {"t", "f(t)"}, PlotLabel » "Piecewise Function"]

Piecewise Function
f(t)
1.0}
Use Exclusions->None, to show the discontinuity '

05¢F

-05F

-1.0f
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Graphics Grid

. ] Constant .
Several plots can be placed in a grid Spiral

GraphicsGrid[{

{PolarPlot[l, {6, O, 2}, (% Row 1 «)
PlotLabel -» "Constant"],

PolarPlot[e, {6, 0, 27},
PlotLabel -» "Spiral"]},

. Loops Star Fish
{PolarP'I.ot[Sm[Se], (6, 0, 2}, (* Row 2 x)

PlotLabel -» "Loops"],

1
PolarPlot e, 0, 2x
[(1.5+S1'n[56])’{ » 9 27}

PlotLabel -» "Star F'ish"]}

}]
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3D Plot

Clear[x, y, 2]

Sin[x] Sin[y]
flz_] = ;
X y
Plot3D[f[z], {x, -5, 5n}, {y, -5m, 57},
PlotRange - All,

AxesLabel - {"X“, lly", "Z“}i]
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Fourier Transform

F{f()} = F(w) =

F{f®,,,} = F(®),,,= [ f(p)cos(wt)dt

BF0,00) = F@),= =1 |

a,cos <

F{fO} = Fw) =ay+ )

n=1

f(n)dt

a():

ol
N|,L] — N

f(t)cos < T

Q
S
Il
N

S
Il
~| e

L] —_— N t\>|,|ﬂ e N

X
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[ f(t)e ' dt = J f(t)cos(wt)dt — j

f(H)sin(wt)dt

27mt> , <
+ b,sin
T

WIKIPEDIA

The Free Encyclopedia

J f(t)sin(wt)dt

Piecewise Continuous Fourier
Transforms

=1

DFT - Discrete FourierTransform
for repetitive waveforms

Fourier Transforms using Mathematica by Goodman

Mathematica & Raspberry Pi
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FourierParameters

FourierParameters and their applications

common convention setting Fourier transform inverse Fourier transform
Mathematica default {0, 1} \/L_ [ fyetat % [© Fw)e ™ dw
2r VT 2n VTR

pure mathematics {1, -1} f; f(t)e 't dt = f_ : F(w) e dw
classical physics {-1, 1} = f:o f(H)e“t dt f_ : F(w)e ™ dw
modern physics {0, 1} — fm f(t) et dt —= f * Fw) e ! dw

Var - Ver -
systems engineering {1, -1} [ fieye it at = [ F(w)e™ dw
signal processing {0, -2 Pi} [ fiye2miot gt [ F(w) ¥ dw
general case {a, b} | / (7|)b,|q f_ : f(t) et at \ / % L: F(w) e~ dg

Typical settings for FourierParameters with various conventions.

It is essential to choose the correct FourierParameters
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Sine Wave

fcn =Sin[2nt];

Plot[fcn, {t, 0, 1},
PlotRange - All,
PlotLabel - "Sin[2r t]",
AxesLabel » {"t", "f(t)"}]

Sin[27T 1]

05}

0.2 0.4

-05r

Page 18 of 175

0.6

0.8

ftfcn = FourierTransform[fcn, t, o,
FourierParameters -» {0, -2 }]

-% i DiracDelta[-1+w] + % i DiracDelta[l + w]

Aresult containing the DiracDelta function cannot be easily plotted

Plot[ftfcn, (v, 0, 10},

PlotRange -» All,

Exclusions - None,

w2

V2

AxesLabel -» {"o", "f () ")]

PlotLabel » " s

P

e 4

V2

f(w)
1.0}

05+t

-05¢

In this case, Mathematica produces an
answer suitable for a math student, but
not very helpful for an engineer.

Mathematica & Raspberry Pi

fcfcn = FourierCoefficient[fcn2, t, n,
FourierParameters -» {0, -2 7}]

- n-=-1
2

L n=1

2

(0] True

DiscretePlot[Abs[%], {n, -5, 5},
PlotRange - All,
PlotLabel - "Sin[2xf t]1",
AxesLabel » {"Hz", "amplitude"}]

Sin[2r ]
amplitude

e 05 .
04+f
0.3f

0.2F

01}

It may be more meaningful to calculate
the Fourier Coefficient and plot the
absolute value of the result.

Hz



Square Wave

fcn = SquareWave([t];
Plot[fcn, {t, 0, 5},
PlotRange - All,
PlotLabel - "SquareWave[t]",
AxesLabel » {"t", "f(t)"}]

SquareWavel(t]
f(t)

1.0

T

0.5

-0.5

T

-1.0f

fcfcn = FourierCoefficient[fcn, t, n,
FourierParameters -» {0, -2m}]
(0] n==-0

i (-7 (-1 (-1

nor

True

DiscretePlot[Abs[%], {n, -5, 5},
PlotRange - All,
PlotLabel -» "SquareWave Spectrum",
AxesLabel » {"Frequency 1in Hz", "Magnitude"}]

SquareWave Spectrum
Magnitude

06}

05F

0.4}

t 0.3}
0.2} ?

0.1¢

Frequency in Hz

EEN

|
N
|
n
N ¢

In this case, using the Fourier Transform
command also results in the Delta function
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Sinc Pulse

Clear [fcn, ftfcnl, ftfcn2, ftfcn3, ftfcn4] The sinc filter is widely used in
fcn = Sinc[t]; digital signal processing

Plot[fcn, {t, -4, 4},
PlotRange - All,
Ticks » {({-3 7, -2 7, -7, ™, 27, 3}, Automatic},
PlotLabel -» "Sinc[t]",
AxesLabel » ("t", "f(t)"}]

- ftfcnl = FourierTransform[fcn, t, w, FourierParameters » {0, 1}]
ftfcn2 = FourierTransform[fcn, t, w, FourierParameters -» {1, -1}]
ftfcn3 = FourierTransform[fcn, t, w, FourierParameters -» {-1, 1}]

ftfcn4 = FourierTransform[fcn, t, w, FourierParameters -» {0, -2 x}]

: %\/g (Sign[l-w] +Sign[l+w])

N[ =

nSign[l - w] +%7r$'ign[l+w]
: %Sign[l—w] + t—l‘ Sign[l + w]

1 1
: ERS‘ign[l—Zﬂw] + EnSign[l+2nw]

- Plot[{ftfcnl, ftfcn2, ftfcn3, ftfcnd}, (v, -2, 2},

PlotLabel -» "Fourier Transform of Sinc[t] vs FourierParameters",

O

It is essential to choose the correct
FourierParameters

Fourier Transform of Sinc[t] vs FourierParameters

Magnitude

3.0

25F

201

1.5}

>
¢

PlotLegends -» {"0,1", "1,-1", "_1,1", "0,-2x"}, -2
AxeslLabel » {"w", "Magnitude"}]

Page 20 of 175 Mathematica & Raspberry Pi
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FourierTransform Function

Using the default
Sinclt] FourierParameters {0,1}

Clear [fcn, ftfcn]

fcn = Sinc[t)];

Fiotlen, 1 A, = \ﬁ (Sign[l-w] +Sign[l+w])
PlotRange - All, 2 V2

Ticks » {({-3 7, -2 7, -7, 7, 2, 3}, Automatic},

PlotLabel -» "Sinc[t]",

AxeslLabel » {"t", "f(t)"}]

ftfcn = FourierTransform[fcn, t, w]

PlotLabel -» "Fourier Transform of Sinc[t]",

AxesLabel » {"w", "Magnitude"}]

Sinc[t]
f(t) Fourier Transform of Sincft]
1 Magnitude

1.2}
1.0}

. . 08
Fourier Transform Pair

0.6f

0.4}

S ﬁ

Mathematica & Raspberry Pi Page 21 of 175


https://reference.wolfram.com/language/ref/FourierTransform.html?q=FourierTransform

Using the default
A slight change in constants can FourierParameters {0,1)
significantly alter the outcome.

Sinc[2mt] ftfcn = FourierTransform[fcn, t, w]

. Clear [fcn, ftfcn] i \/? Sign[2n-w] + i \/g Sign[2 r + w]
fcn = Sinc[2x t]; 2 7
Plot[fcn, (t, -2, 2},
PlotRange - All,
PlotLabel -» "Sinc[2nt]",
AxesLabel -» ("t", "f(t)"}]

Ticks » {({-3m, -2 7, -7, ™, 27, 37}, Automatic},
PlotLabel » "Fourier Transform of Sinc[2n t]",

AxesLabel -» {"w", "Magnitude"}]
Sinc[2m]
f(t) Fourier Transform of Sinc[27T 1]
- Magnitude

nan

0.15¢

010

_ 0.05:—

ay.

-3 =27 -JT 3 T 21T 3
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DFT & Fourier Coefficients

The Fourier Coefficient equations can be written in many forms, each to suit a particular application.

ol gl -

— — —

P/2

s(z)dz
—p/2
P/2

—P/2

s(z) sin< =

Fourier series coefficients

2T

s(a:)cos( 5 )da: forn>1

2T

)da: forn>1

(Eq. 1)

Courtesy: Wikipedia

Many engineering texts use the variable t and integrate between 0 and T.

[ s@r

1 rL
7 [ f(@)cos
mmnwxr

L
%/_L f(x) sin( 7 )dz.

mnxT

)dz, and

Mathematica & Raspberry Pi
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Sine Wave DFT

Clear[n, nos, f, signal]

f=4; (» frequency in Hz «
sps = 8; (» samples per second =«
nos = f sps; («number of samples=

time= —; (+time increment=
nos

2xn ft
nos

signalTable = Table[{time, S1’n[ ]}, {E, nos}] 3

TableForm([%,
TableHeadings » {None, {"t", "Window", "time", "f(t)"}}1;

timeWindow = signalTable[All, 1]; (- select col 1 «
amplitude = signalTable[All, 2]; (-~ select col 2
data = Transpose[ {timeWindow, amplitude}];

(» arrange data X,Y

) Digitizing a 4 Hz Sine \Wave
ListPlot[data,

PlotRange - All,
PlotLabel - "Sine Wave",
AxesLabel » {"Sample", "Magm’tude"}]

Sine Wave

Magnitude

1.0 o e L] e

Ed 3 @ L ] @ L L ] >
0.5}
~ - - - - - . + Sample
0.2 0.4 0.6 0.8
-0.5
= L] 3 o o L @ L

-1.0 " ° . ° L]

Page 24 of 175

Clear[dftsignal]

dftsignal = Fourier[signalTable[All, 2],

FourierParameters -» {1, -1}];

ListPlot[Abs [dftsignal],
PlotRange - All,
Fi kl'i ng -» Axis,

¥ | @ 1-"Sine Wave",

AxesLabel » {"Frequency+1", "Magnitude"}]

Sine Wave
Magnitude
15 [ . K3
o The DFT samples start at
1 and not O.
5 L
5 1A0 1A5 2A0 2L5 3A0 PRy

2
ftsignaltable = Table [{n -1, — Abs[dftsignal [n]l]} ’
nos
{n, 1, “05}];
ListPlot [ftsi gnaltable,

PlotLabel - "Sine Wave Spectrum",
PlotRange - All,

Filling - Axis,

AxeslLabel - {"f (HZ}", "Amp'litude"}]

) Sine Wave Spectrum
Amplitude

1.0+ . K

0.8

Adjust the amplitude and
0.6 frequency

041

0.2

f (H2)
5 10 15 20 25 30
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Unipolar Ramp

Calculating and tabulating the coefficients

Plot
fl[t. ]=t; T=1; 1 ot
[t.1=1% . ad = — | frt]dt;
PlotLabel -» "Unipolar R F ion" 2 (7 n2xt
- "Unipolar Ramp Function", an = = flt] Cos[ ] dt;
AxesLabel » {"time", "f(t)"}, e
2 (7 . rh2nt
GridLines - Automatic] bn = T frtl 51"[ T ] dt;
Unipolar Ramp Function
ft) Table[{n, a®, an, bn}, {n, 1, 8, 1}];
1.0+ - i i - TableForm[%,
TableHeadings -» {{"Coefficients"}, {("n", "a0", "an", "bn"}}]
0.8
[ n ao an bn
- 06} i i i i Coefficients 1 % 0 -1
i 2 1 0] _1
0.4} - 27
i 3 1 0] _ L
2 3
0.2t 4 2 0 o
. 5 1 0] _ L
" 1 " " " 1 " " " 1 " " " I " " " tlme 2 Sw
0.2 0.4 056 038 10 6 0 -
= 7 1 0 _ L
2 T
8 1 0 -1
2 8

The ramp resetsat T = 1
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Ramp Spectrum

acoeff = Table[an, {n, 1, 8, 1}];
bcoeff = Table[Abs[bn], {n, 1, 8, 1}];

ListPlot [{acoeff , bcoeff},

Filling - Axis,

PlotLabel -» "Ramp Spectrum",

PlotLegends -» {"an", "bn"},

AxesLabel » {"Harmonic", "Magnitude"},

GridLines - Automatic,

Epilog-» {

Text[Row[{"DC = ", a0®}], Scaled[{0.5, 0.9}], Left],

Ramp Spectrum

Magnitude

0.30}

0.25}

Unipolar Ramp Spectrum 0.20}

0.15¢

010}

The a coefficients = 0

0.05+

Page 26 of 175

Dc=1
2

Fundamental = 1Hz

e e e — )
2 4 6

Mathematica & Raspberry Pi

Epilog can be used to place
information on the plot

Text[Row[{"Fundamental =", %, "HZ"}], Scaled[{0.5, 0.8}], Left]}]

PlotLegends is used to
distinguish the coefficients



Alternative Table

RampTable = Table[{n, a®, an, bn}, {n, 1, 8, 1}];

harm = RampTable [ [All, 1]];
bco = RampTable [ [All, 4]];

ListPlot [RampSpectrum = Transpose[{harm, Abs[bco]}],

Filling - Axis,
PlotLabel » "Ramp Spectrum",
AxesLabel -» {"Harmonic", "Magnitude"},

GridLines -» Automatic]

Ramp Spectrum
Magnitude

0.30}
0.25}
0.20}
0.15} ?

0.10} - ?

0.05¢ | ' * -

Mathematica & Raspberry Pi

Only the bn coefficients have been
plotted since the an values are zero

Harmonic
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Calculating the Fourier Coefficients for a Ramp Function

T =23
104 1l (7/2
a0 = — flt)jdt
T J-1/2
05+
2 (T/2 2nnxt
an= — f[t]Cos[ ] t
..... T J-1/2
2 2 (T/2 2nnt
bn = — f[t]S'In[ ]dt
o5k T J1/2
- 0
-1.0}
- ©

Since this is an odd function, there . =nnteninnmlc 2NNl

. nZ 2
are only bn coefficients
Clear[f, t, T, a@, an, bn] - Table[bn, {n, 1, 8}]
flt ] =t; {2 1 2 1 2 1 2 1
Plot[f[t], (t, -1, 1}, “ir  n 8n 9m Bw 3n In' 4nl
Epilog - {
Line[{{-1, 0}, {-1, -1}}], - FourierCoefficients = Table[{n, bn}, {n, 1, 8}];
Line[{{1, 0}, {1, 1}}1}] TableForm[FourierCoefficients,
1.0} TableHeadings -+ { {"Fourier Coefficients"}, {"n", "b[n]"}}]
[ableForm=
s n b[n
Fourier Coefficients | 3
2 1
-1{o -05 05 1.0 . 2
3..
05 . - 4 -L
The desired coefficients can be s
. . 5 2
o placed in a list. 57
1. . )
3 .
7 i
7..
8 e’
4-.

Page 28 of 175 Mathematica & Raspberry Pi



Arbitrary Function

f[t]= Piecewise[{{-t, Osts ;}, {t, % <t sT}}];

Plot[f[t], (t, 0, T},
Exclusions - None,
PlotLabel -» "Arbitrary Function",
AxesLabel » {"t", "f(t)"},
GridLines -» Automatic]
Arbitrary Function
f(t)
1.0}

0.5

T

0.2 0.4 0.6 0.8 1.0

-05+

The function resets at T = 1
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acoeff = Table[an, {n, 1, 8, 1}];
bcoeff = Table[Abs[bn], {n, 1, 8, 1}];

Table of coefficients

ListPlot [{acoeff, bcoeff},
Table[{n, a®, an, bn}, {n, 1, 8, 1}];

TableForm[%,
TableHeadings -» {{"Coefficients"}, {("n", "a0@", "an", "bn"}}:

Filling - Axis,
PlotRange -» All, AxesOrigin- {0, 0},
PlotLabel -» "Arbitrary Function Spectrum",

—
aForm=

n aé an bn PlotLegends - ("an", "bn"},
Coefficients | 1 3 3 -5 AxesLabel » {"Harmonic", "Magnitude"},

2 3 0 0 GridLines -» Automatiic,

1 1 1 o
3 a 18 52 T 6n Epilog - {

1
4 & 0 0 Text [Row[{"DC = ", a®}], Scaled[{0.5, 0.9}], Left],
5 1 1 ! 1

B 50 2 107 " _n = uygon
. % o o Text[Row[{ Fundamental = ", = Hz }], Scaled[{0.5, 0.8}], Left]}]
7 % 981n2 - 141 - Arbitrary Function Spectrum

1 Magnitude
8 " (0] 0

0.15¢ ~ DC= i
Fundamental = 1Hz
0.10+ | | . | * an
* bn
Spectrum 0.051 d , .
- b - * + . + Harmonic
2 4 6 8
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FourierCoefficient Function

Sinc Pulse Using the FourierCoefficient and
DiscretePlot Commands
f = 10;
fcnd = Sinc[2x f t];
Plot[fcn4, (t, -1, 1}, fcfcn4 = FourierCoefficient[fcn4, t, n, FourierParameters » {0, -2 7}];
PlotRange - All, DiscretePlot[Abs[%], {n, -20, 20},
PlotLabel -» "Sinc[2xft]", PlotRange - All,
AxesLabel » {"t", "f(t)"}] PlotLabel - "Sinc Spectrum",
n 3 n n 1 n
Sinc[2rt] AxesLabel » {"Frequency 1in Hz", "Magnitude"}]
f(t) Sinc Spectrum
1.0 Magnitude
o.aﬁ IR X1 PR PR
0.04}
04r
Fourier Transform Pair 0.03¢
0.4
0.02}
0. 0.01
VAVAAAAAAAA AAAAAAI\.AV.AV t  Aeeeas ot LALUIULELERUITIILTL, KPPV Frequency in Hz
-1.0 "VV_‘éVVVM JVVV}{5VV" 1.0 -20 -10 10 20
-2+
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In this case, using the FourierTransform

Square Wave _ _
command also results in the Delta function.

fcfcn = FourierCoefficient[fcn, t, n,

fcn = SquareWave([t]; FourierParameters -» {0, -2 7}]
Plot[fcn, {t, 0, 5}, 0 n==0

PlotRange - All, i (-7 (-14 (-1 True

PlotLabel » "SquareWave[t]", =

AxesLabel -» {("t", "f(t)"}] DiscretePlot[Abs[%], {n, -5, 5},

PlotRange - All,

n n
SquareWavelt] PlotLabel -» "SquareWave Spectrum",

f(t) AxesLabel » {"Frequency in Hz", "Magnitude"}]

1.0 . SquareWave Spectrum
Magnitude
05 06}
05¢
: t 04}
1 2 3 - 5
0.3t
-05¢f 1 0.2¢ ?
)| 0.1} !
-1.0¢} — — . - - . Frequency in Hz
-4 -2 2 4
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Fourier Function

Arbitrary Waveform 1.0

05}

Clear[ns, fs, dt, signal, signall, signal2,

tw, timesignal, ftsignal, ftsignaltable] s |

-1.0f : :
tw=1; (* time window x) Signal 1 Signal 2

ns = 2563 (* number of samples x)

Sin(2x4 &~

ns

signall =
24 &~

ns
Each signal can be defined individually and then

. n
signal2 =3 - 4 —; sequenced using the Piecewise function

ns

dt = — 3 (» Time increment (sec) =x)
ns
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Calculate and tabulate the signal

- fs = Piecewise [{{signall, 1<ns n_;}’

3]

{signal2,

Sequenced using the Piecewise function

ns/ansns}}];

Plot[fs, {n, 1, ns}]

10}

05f

05|

-1.0f

signal = Table[fs, {n, ns}];

timesignal = Table[{ndt, signal[[n]]},

{n, 1, ns}];

(» Add the time scale to the signal table x)

Converting sample number n,

to n dt seconds

Page 34 of 175

Plot the time domain function

ListLinePlot[timesignal,
AxesLabel -» {("t", "f(t)"},
PlotMarkers -» Automatic,
PlotLabel » "The Signal"]

The Signal

f(t)

5]:

Mathematica & Raspberry Pi
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Using the Fourier Transform to
determine the frequency spectrum

ftsignal = Fourier[signal, FourierParameters -» {1, -1}];

ftsignaltable = Tab'le[{nt-wl R nzs Abs[ftsignal[[n] ]]}, {n, 1, ?}],
ns
L'istP'lot[ftS'igna'ltab'le[[1 HH —2—]],

PlotLabel - "Arbitrary Signal Spectrum",
PlotRange - All,

Filling - Axis,

AxesLabel » {"f (Hz)", "Ampl‘itude"}]

Arbitrary Signal Spectrum

Amplitude
03[’
s a:;:b means the span of elements from ato b
0.2}
01t .
i oo.oooooooco..:°.°':oo..o.oo.oo.o.oooo ooooooooooooooooooooooo f (HZ)

20 40 60 80 100 120
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Zoom in on the spectrum

= fmin =03 (* minimum frequency =)

fmax = 30; (» maximum frequency =)

2= ListPlot [fts1‘ gnaltable[[fmin tw+ 1 ;; fmax tw+1]],
PlotLabel -» "Frequency Spectrum",
PlotRange - All,
Filling -» Axis,
AxesLabel » {"f (Hz)", "Amplitude"}]

Frequency Spectrum

Amplitude
. Any part of the spectrum
can be examined by
0.3} 1 adjusting fmin and fmax
2]= !
: 0.2}
oat| |11, X
® - . 4 Kl = . ° . . :
199/ ]|ele!le s 1o
LLLLLLLLLLLLLLLLLLLLLLLLLLLLLL f (HZ)
5 10 15 20 25 30
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Gibbs Phenomenon
The Gibbs phenomenon occurs in
bandwidth limited systems and DSP.

fn = 2 bn Sin [ c0a t] . Gibbs Phenomenon
g . n(t)
8
Plot [an, it 1.1 1.0¢
n=1
PlotLabel » "Gibbs Phenomenon", 05}

AxeslLabel -» {"t", "fn(t)"}] )=

The Basic Math Assistant contains -05}
the summation template.

-1.0¢

This illustrates how repetitive waveforms can
be constructed from a series of harmonically
related sinusoids.
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Brick Wall Filter In this case, the impulse response
has been normalized to 1.

The brick wall filter represents the

ideal low pass filter InverseFourierTransform[BWF [v], w, t, FourierParameters -» {0, -2 n}]

ie-int (_l+e2i7rt)

Clear [BWF, T, B] & 21t
1
B=—3;
2 P'lot[’s, {t, -m, n}, PlotRange -» All,

BWF[«_] = UnitStep[w + B] - UnitStep[w - B]
PlotLabel - "Brick Wall Filter Time Response",

. 1 . 1
-UmtStep[-i +w] " Un1tStep[5 +w] AxesLabel -» (t, "f[t]"},

Epilog-»{Text["T - i", = 0.1}]}]

Plot [BWF [u], (v, -2, 2}, 28 " lLon

Exclusions - None,
PlotLabel -» "Brick Wall Filter"

otLabet -~ "Bric a TRRerT, Brick Wall Filter Time Response
AxesLabel -» {"0", "Magnitude"}, flt]

Epilog - {Text["B - z—lT", (B, 0.1}]}]

Brick Wall Filter
Magnitude

1.0
o

0.8

0.6

0.4}

0.2}

1 ie-int _1+e2int

B=; FindRoot[ ( )
. . 2nxt

» (ty 1]

{(t-1.}
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In this case, the frequency response has
been normalized to 1.

Clear [BWF, T, B]

B=1;

BWF[«_] = UnitStep[w + B] - UnitStep[w - B]

-UnitStep[-1+w] + UnitStep[1 + w]

P'l.ot[BWF[w], (0, -2, 2},

Exclusions - None,
PlotLabel -» "Brick Wall Filter",

AxesLabel -» {"w", "Magnitude"},

Epilog - {Text["B . z_lT"’ (B, 0.1}]}]

Brick Wall Filter
Magnitude

1.0
™

081

06r

04r

0.2F

InverseFourierTransform[BWF[w], w, t, FourierParameters -» {0, -2 x}]

ie-Zin’t (_l+e4int)

2t

P'I.ot[%, {t, -3, 33}, PlotRange -» All,

PlotLabel -» "Brick Wall Filter Time Response",
AxesLabel » {t, "f[t]"},

Epitog» {Text['T = —, (=, 0.1}]}]

Brick Wall Filter Time Response
flt]

2.0

05+

ie-Zint (_1 + e4i7rt)

2nt

FindRoot[-

S 0.25}]

{(t->0.5+0. 1}
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Manipulate Brick Wall Filter

Clear [BWF, IFT, T, B]
BWF[«_] = UnitStep[w + B] - UnitStep[w - B]}
IFT = InverseFourierTransform[BWF [v], w, t, FourierParameters -» {0, -27}]3;

Manipulate[

GraphicsRow[{
T= i;
2B
BWF[«_] = UnitStep[w + B] - UnitStep[w - B];
P'I.ot[BWF[w] , {0y -7y 7},

Exclusions - None,
PlotLabel -» "Frequency Domain", AxesLabel -» {"w", "F(w)"},

Epilog - {Text["B:ziT", {B, 0.1}]}] ’

ie-ziBnt (_1 + e4int)

IFT = - $ (» Normalized Amplitude )
2B 2nrt

root = F'indRoot[IFT, {t, 2_18}]’

P'lot[ IFT, (t, -, 7}, PlotRange - All,

PlotLabel -» "Time Domain", AxesLabel -» {t, "f(t)"},

Epilog - {Text["T:i", (T, 0.1}]}]},

Epilog » Text[Row[{"Zero Crossing ", root}], Scaled[{0.5, 0.5}], Left]] ’
{{B, 1, Style["Bandwidth B", Bold, 10]}, 0.1, 3, 0.1, Appearance -» "Labeled"},

FrameLabel -» Style["Fourier Transform Pair - Brick Wall Filter"]]
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This relationship forms the basis of Nyquist
or Partial Response signalling.

Bandwidth B e ) > hd 1

Frequency Domain Time Domain

F(w) f(t)
S :

0.8}
[ Zero Crossing {t- 0.5}

0.6}

04}

0.2 1

|

Fourier Transform Pair - Brick Wall Filter
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Digital Approximation of a Low Pass Filter

Clear[n, nc, h, w, LFT, TIR]

Brick Wall Filter =

B=1.0; Truncated Impulse Response =

BWF = Piecewise[{{1l, O sw s B}}];i nc = 101; (* number of coefficients «x)

Plot [BWF, {v, 0, 7},
TIR = LeastSquaresFilterKernel[{"Lowpass", B}, nc];

Exclusions - None, ListLinePlot[TIR, PlotRange - All, Mesh - Full,
PlotLabel - "Ideal LPF", PlotLabel -» "Truncated Impulse Response",
AxesLabel » ("w", "Magnitude"}, AxesLabel » {"Sample", "Coefficient"},
n nw® 3nrx : " . .
Ticks - {{@’ 1 Z’ ;’ T’ 7r}, Automat'ic}] Epilog -» Text[Row[{nc, " Coefficients"}], Scaled[{0.7, 0.8}], Left]]
Truncated Impulse Response
Ideal LPF Coefficient
Magnitude
03}
1.0 'h 101 Coefficients
0.2}
08¢}
06l 0.1}
_ | NERLY. .
02}
. . w
X 3 I 3 -
4 2 4
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Fourier Transform =

LFT = Abs[ListFourierSequenceTransform[TIR, w]]};

Plot[LFT, (v, 0, 27},

PlotLabel -» "Fourier Transform",

AxesLabel » {"w", "Magnitude"},

T
Ticks » {{e, (1, "B"}, - —, %, 2

Epilog » Text[Row[{nc, " Coefficients"}], Scaled[{0.5, 0.8}], Left]]

Magnitude

1.0

08f

06f

04r

02r

o

?Tf

nxt 3nx
4"’ 2 &

Fourier Transform

101 Coefficients

}, Automat‘ic},

e

& |3
W
Ny

|3

27

Compare Filters =

Plot [{LFT, BWF}, (v, 0, x},
PlotRange - All,

L

4 ) 41

PlotLabel -» "Brick Wall Approximation",

AxesLabel » {"o", "Magnitude"},

PlotLegends » {"Digital Filter", "Brick wall"},
Exclusions - None,

Filling » (1 - {2}}]

Ticks » {{0, {1, "B, 7r}, Automat'ic},

Brick Wall Approximation
Magnitude

1.0}
08¢t
06}
04r

02}

Mathematica & Raspberry Pi

—— Digital Filter
—— Brick Wall
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Number of Coefficients e————— | J 50

Bandwidth e |  E3 1.

Brick Wall Approximation

Magnitude
Manipulate Number of Coefficients g
1.0 AVAVAVA
Manipulate[ osl
BWF = Piecewise[{{1l, O sw =< B}}]; ol l
TIR = LeastSquaresFilterKernel[{"Lowpass", B}, nc];
LFT = Abs[ListFourierSequenceTransform[TIR, w]]}; 04r
021
Plot[{LFT, BWF}, {v, 0, n}, n X
PlotRange -» All, o 2 37"
wx w 3 —— Digital Filter —— Ideal LPF

Ticks » {{0, 1, —, =,

2’ 5 T,n},Automatic},

PlotLabel -» "Brick Wall Approximation",

AxesLabel -» {"w", "Magnitude"},

PlotLegends -» Placed[{"Digital Filter", "Ideal LPF"}, Below],

Exclusions -» None, Filling -» {1- {2}}] R

{{nc, 50, "Number of Coefficients"}, 10, 100, 10, Appearance -» "Labeled"},

{{B, 1.0, "Bandwidth"}, 0.5, 3, Appearance - "Labeled"}]
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CDMA

ClearAll["Global "]

(% Parameters * )
Th = 1;

nob = 83 (xnumber of bitsx)

(«bit periodsx)

cpb =83 («chips per bitx)

Tb , :
Tc= — 3 (xchip periodx)
cpb
fs = 512; (xsampling frequency szﬁﬁ’*]

1
t= Range[o, nob Tb, f—], («Time axisx)
s

(«»data signal (+1/-1)«)

dataBits = RandomChoice[{-1, 1}, nob]; The bipolar baseband signal

dataSignal =
Flatten[Table[ConstantArray[dataBits[i], Round[Tb fs]], {i, nob}]];

(«chip PN codex)

pnCodeSingle = RandomChoice[{-1, 1}, cpb]; The chip signal

(«»repeat chip PN code for each bitx)
pnCode = Flatten@Table[pnCodeSingle, nob];

(rexpand chip PN to match samplingx)
pnSignal =
Flatten[Table[ConstantArray[pnCode[i], Round|[Tc fs]],
{i, Length[pnCode]}]];

Mathematica & Raspberry Pi

WIKIPEDIA
The Free Encyclopedia

The baseband signal is mapped onto
the sampled signal
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(»truncate to same length*)

minLen = Min[Length[dataSignal], Length[pnSignal]];
dataSignal = dataSignal[l ;; minLen];

pnSignal = pnSignal[l ;; minLen];

(«replace the bits with chips (CDMA) x)
The polarity of the chip signal is

controlled by the data signal

spreadSignal = dataSignal » pnSignal;
(xFFT function«)
fftMag[x ] h:Module[{X, n, f}, n = Length[x];

X==Abs[RotateLeft[Fourier[x], Floor[g]]];
n n fs

f= Range[-;, 5 -1] * (T)’

(f5 X}]3

(xspectrax)
{fl, Xdata} = fftMag[dataSignal];
{f2, Xspread} = fftMag[spreadSignal];

(radd to avoid log of zerox)
eps = 107%%;

XdataDB = 20 LoglO[Xdata + eps];
XspreadDB = 20 LoglO[Xspread + eps] ;
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(xPlotsx)
timePlotl = ListLi nePlot[
Range[minLen]

fs
GridLines -» Automatiic,

PlotLabel -» "Data",
AxesLabel » {"Time (s)", "Ampl‘itude"}] :

Transpose[{ 3 datasignal}] ’

timePlot2 = ListLi nePlot[{

Range[minLen]
fs

PlotLabel » "Coded Data",

AxesLabel - {"Time (s)", "Amplitude"}] :

Transpose[{ ’ spreadsignal}]},

(«Frequency plot in dBx)
freqPlot3 = ListLi nePlot[Transpose[{fl, XdataDB}],

freqPlotl = ListPlot[Transpose[{fl, Xdata}], PlotLabel - "Data - dB Scale",

PlotLabel -» "Data", AxesLabel » {"Frequency (Hz)", "Magnitude (dB)"},
AxesLabel -» {"Frequency (Hz)", "Magnitude"}, PlotRange - {Automatic, {10, 20}},
Filling - Axis, GridLines » Automatic];
PlotRange » {Automatic, {0, 6}},
GridLines -» Automati c] . freqPlot4 = ListLi nePlot[Transpose[{fZ, XspreadDB}],
PlotLabel » "CDMA - dB Scale",

freqPlot2 = ListPlot[Transpose[{fz, Xspread}], AxesLabel -» {"Frequency (Hz)", "Magnitude (dB)"},

PlotLabel - "CDMA", PlotRange » {Automatic, {-10, 20}},

AxesLabel -» {"Frequency (Hz)", "Magnitude"}, GridLines - Automatic];

Filling - Axis,
PlotRange » {Automatic, {0, 6}},

L. . GraphicsGrid[{{timePlotl, timePlot2}, {freqPlotl, freqPlot2},
GridLines - Automatic];

{freqPlot3, freqPlot4}}]
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Data Coded Data
Amplitude Amplitude

1.0} - ‘ 1.0

: ' ~ Time (s : Time (s
: : 3 6 8 © ‘ ‘ ! o -
-0.5¢ - i -0.5 ‘
-1.0f -1.0

Data CDMA
Magnitude Magnitude
6

Frequency (Hz Frequency (Hz
-200 -100 0 100 200 9 y (H2) -200 -100 0 100 200 9 y ()
Data - dB Scale CDMA - dB Scale
Magnitude (dB) Magnitude (dB)
T 20 T T T T 20 T
15
10
~
: 4 $ 4 Frequency (Hz Frequency (Hz
-200 -100 100 200 i y (Hz) . y (Hz)
-1
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Laplace Transforms

Unit Step

The Laplace Transform can help reduce
certain complex calculations

LaplaceTransform[UnitStep[t], t, s] // Quiet
1

s
Plot [UnitStep[t], {t, -5, 5},
AxesLabel » {"t", "f(t)"}, PlotLabel -» "Step Function") Plot[%, {s, -5, 5},

AxesLabel -» {"s", "F(s)"}, PlotLabel -» "Step Function"]
Step Function

f(t) Step Function
- F(s
1.0 (s)
I ol
0.8} I
[ 05
0.6} I
| 1 1 [ 1 1 s
04} -2 r 2 4
1
0.2} I
ol
1 1 1 1 t -
-4 -2 2 4
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Ramp

LaplaceTransform[t, t, s] // Quiet

1
s2
AxesLabel » ("t", "f(t)"}, PlotLabel -» "Ramp Function"] Plot[%, {s, -5, 5},
Ramp Function AxesLabel -» {"s", "F(s)"}, PlotLabel -» "Ramp Function"]
) Ramp Function
[ F(s)
al
I 3.0F
2| 25}
2.05—
1 1 1 1 t :
-4 -2 _ 2 4 15f
‘2__ 1.03—
al 0.55—
- S
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Parabola

- LaplaceTransform[t?, t, s] // Quiet

2

S
Plot[t?, (t, -5, 5},

AxeslLabel -» {"t", "f(t)"}, PlotLabel -» "Parabola“] - Plot[%, {s, -5, 5},

Parabola AxesLabel -» {"s", "F(s)"}, PlotLabel -» "Parabola"]
f(t)
25}

Parabola
F(s)

15F

T

1.0F

05F

1]

_0.5}

-1.5}
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Exponential

LaplaceTransform[e‘“, t, s] // Quiet

a=1; 1
Plot[e'“, {t, -1, 1}, 1+s
AxesOrigin - {0, 0}, AxesLabel -» {"t", "f(t)"}, Plot[%, {s, -5, 5},
PlotLabel - "Exponential"] AxesLabel » {"s", "F(s)"}, PlotLabel » "Exponential"]
Exponential Exponential
f(t) F(s)
25} 2|
20} 1 :
L I L S
-4 -2 2 B
_1f
05} [
1 I L L t _2—
-1.0 -05 0.5 1.0
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The Table command can be used to
plot a range of coefficients.

f(t_] = Table[e", {a, -1, 1, 0.5}];
Plot [Evaluate[f[t], {t, -5, 5}],
PlotRange » {Automatic, {0, 5}},
PlotLegends » "Expressions",
PlotLabel » "Exponential Function",
AxesLabel » ("t", "f(t)"},
Epilog » {Text["f(t) = e?" ", (3, 2}]}]

Exponential Function

f(t)

5-

1.t

0.5t

-0.5t

Mathematica & Raspberry Pi

PlotLegends can be used to
identify the individual plots.

LaplaceTransform[f[t], t, s] // Quiet
Plot[%, {s, -5, 5},
AxeslLabel -» {"s", "F(s)"},
PlotLegends -» "Expressions",
PlotLabel -» "Exponential Function"]

{ 1 1 1 1 1 }
-1.:+s’ -0.5:s” s’ 0.5+s” 1. +s

Exponential Function
F(s)
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Sine Wave

w=1; (» normalized frequency x)
P'lot[S'in[wt], (t, -2x, 21},

-3n - 7

Ticks » {{-27r, —_—, —, =Wy, —, W, 37", 27r}, Automat‘ic},

2 2 2
AxesLabel -» {"t", "f(t)"},

PlotLabel - "Si ne“]

Sine
f(t)

1.0

0.5r

NS F
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LaplaceTransform[Sin[w t], t, s] // Quiet

1
.'|.+S2

Plot[%, {s, -10, 10},
PlotRange - All,

AxesLabel » {"s", "F(s)"}, PlotLabel -» "Sine")

Sine
F(s)

-10

Mathematica & Raspberry Pi
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Several sine waves can be
plotted simultaneously

-w=13
f[t_] =Table[Sin[nhwt], {n, 1, 4, 1}];
PIot[Evaluate[f[t], {(t, -2mx, 2m}],

. -3 -r b 3 .
Ticks » {{-271', T, ?, -7, ;, n, T’ 27r}, Automat1c},

PlotLegends -» "Expressions",
AxesLabel » ("t", "f(t)"},
PlotLabel - "Sine"]

Sine
(t)

{\ — sin(t)

/ — sin(21t)
— sin(3 t)
— sin(4 t)

-2

LaplaceTransform[f[t], t, s] // Quiet
Plot[%, {s, -10, 10},
PlotRange - All,
AxesLabel » {"s", "F(s)"},
PlotLegends -» "Expressions",
PlotLabel - "Sine Function"]

{ 1 2 3 4 }
1:82  4:52" 9,82” 16+82

Sine Function
F(s)

Mathematica & Raspberry Pi

1452

4+s2
9+52

16+52
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Decaying Sine Wave

a=1; f=1;

Plot[e?"sin[2x ft], (t, @, 5},
PlotRange - All,
AxesLabel -» {"t", "f(t)"},
PlotLabel - "Decaying Sine"]

Decaying Sine
f(t)

08f

06
04l Frequency f in Hz

\/ N 4 5

-02¢

-04f

a=1ljw=1;
Plot [e-“ Sin[wt], (t, 0, 27},

PlotRange - All,

. -3n -n g 3rx .
Ticks » {{-Zn, T’ ?, -7, E’ 7, T’ 27r}, Automat1c},

AxesLabel -» {"t", "f(t)"},
PlotLabel -» "Decaying Si ne"]

Decaying Sine
f(t)

0.30

0.25} o .
Angular velocity W in rads/sec
0.20

0.15¢

0.10

0.05
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LaplaceTransform[e®* Sin[w t], t, s] // Quiet

1
1+ (1l+s)?

P'I.ot[%, {s, 9, 19},
PlotRange - All,
AxesLabel » {"s", "F(s)"},

PlotLabel -» "Decaying Sine"]
Decaying Sine

F(s)
0.5
0.4
0.3

0.2

0.1
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Cosine Wave

LaplaceTransform[Cos[w t], t, s] // Quiet

w=1; s
Tick am, 28 T z T, Automati
ic s-»{{- 7, A -7, > 7, S 7r}, utoma 1c}, Plot[%, (s, -10, 10},
AxesLabel » {"t", "f(t)"}, AxesLabel » {"s", "F(s)"},
PlotLabel » "Cosine"] PlotLabel - "Cosine"]
Cosine Cosine
f(t) F(s)
1.
\ /\ / 04+t
0.5F
0.2H
L L L 1 t 1 2 N a 2 1 2 2 2 2 1 2 2 2 2 1 s
=2 - -7 L it 2 5 10
2 2 2
-05}
-1.0}

Mathematica & Raspberry Pi
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Several cosine waves can be

plotted simultaneously :
LaplaceTransform[f[t], t, s] // Quiet

f[t_] =Table[Cos[nwt], {n, 1, 4, 1}]; PlotRange - All,
Plot[Evaluate[f[t] y {ty =27, 21}, AxesLabel » {"s", "F(s)"},
-3 _ 3 n : n
Ticks o {{-271’, 7r, _7r, - E, x, _7r, 2”}, Automat-ic}, PlotLegends » "Expressions",
2 2 2 2 PlotLabel -» "Cosine Function"]
PlotLegends -» "Expressions",
AxesLabel -» ("t", "f(t)"}, { : ’ s ’ = ) = }
31 4. 8.5 15, ¢

PlotLabel -» "Cosi ne"]

Cosine Function

Cosine E(s)

f(t)

— cos(t)

—— cos(21t)
—— cos(3 1)
—— cos(4t)
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Several exponential decaying sine
waves can be plotted simultaneously

Clear([f, w, a, t] LaplaceTransform[f[t], t, s] // Quiet
w=1; Plot[%, (s, 0, 5},
f[t_] =Table[e** Sin[w t], {a, 0, 1, 0.25}]; PlotRange -» All,
Plot[EvaIuate[f[t] y {ty, 0, 2m}], AxesLabel -» {"s", "F(s)"},
3 PlotLegends -» "Expressions",

n
Ticks - —_— 2 Automatic . :
° {{2 » 70 2’ "}’ }’ PlotLabel - "Decaying Sine Wave")

PlotLegends » "Expressions", )
AxesLabel -» {"t", "f(t)"}, 1. 1 1 1 1

PlotLabel - "Decaying Sine Wave"] {1 +s27 14 (0.25+5)27 14+ (0.5+5)2" 14 (0.75+5)2 14+ (1.+ 5)2}
Decaying Sine Wave Decaying Sine Wave
f(t) F(s)
1.0} 1.0 _ L
— 1.sin(t) 1452
05+ R '0-25’sin t 0.8 1
e (t) 1+(0.25+5)2
— e %%!sin(t) 1
t 0.6 - 2
: \ — - L 9'0'75'sin(t) 1+(0.5+s
2 2 1.1 ;
— e ""'sin(t) 0.4 T 1e075e
ol 1+(0.75+5)2
L 1
0.2 1+(1.+5)2
-1.0}
S
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Clear([f, o, a, t] LaplaceTransform[f[t], t, s] // Quiet

w=1; Plot[%, {s, 0, 5},
flt_]= Tab'le[e'at Cos[wt], {a, 0,1, 0'25}] > PlotRange - All,
Plot[Eva'I.uate[f[t] , {t, 0, 2}], AxesLabel -» {"s", "F(s)"},

. P 3n . PlotLegends -» "Expressions",
Ticks » {{— g MWy = 27:}, Automat1c}, . )
2 2 PlotLabel -» "Decaying Cosine Wave"]

PlotLegends -» "Expressions",

AxesLabel -» ("t", "f(t)"}, { 1.s 0.25 +s 0.5+s 0.75 +s 1. +s }
PlotLabel - "Decaying Cosine Wave“] 1:+s2” 1+(0.25+8)2” 14+ (0.5+8)2" 14+ (0.75+8)2 1+ (1. +5)2
Decaying Cosine Wave Decaying Cosine Wave
f(t) F(s)
0.5 s
— 1.cos(t) *
o5t 0.4 _ _0.254s
— @ ' cos(t) 14(0.25+5)2
— G-O.St COS(t) 03l _— 0.5+s
14(0.5+5)2
t -0.75¢
e cos(t) 0.75+s
0.2 - T 5
— e "“'cos(t) 14(0.75+5)2
- 1.+8
01Ff 1+(1.+8)2
. S
1 2 3 4 5
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Nyquist Channels

:)‘E;s/:?

WIKIPEDIA

The Free Encyclopedia

Class

Channel
Name

Ideal LPF

Cosine
[Duo-binary]

Raised
Cosine

Sine
[Modified
Duo-binary]

Channel Response

H((o)

Impulse

Notation f[9]

1

1,1

1,2,1

2,1,-1

1,0,-1

1,0,-2,0,1

Radix Controlling ISI (inter-symbpl interference) forms the bases of
M-ary signaling theory and allows the Nyquest rate to be

- exceeded. If a transmitted pulse waveform consists of sinc
components, it is possible to separate the sinc components
at the receiver, thus exceeding the Nyquest rate.

Overlapping sinc components of adjacent pulses eliminates
ISI at the sampling instant, but creates m-ary amplitude data
symbols.

Nyquist channels/filters/ signals are sometimes called
partial-response filters/signalling or correlative signalling/
coding

The frequency response of the channel is not controlled by
filters. It is controlled by shaping the time domain data

pulses passing through the channel.
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Nyquist Cosine Channel

These are often used as individual data channels in

wideband, FDM systems. The cosine channel is created by

using a modified Sinc pulse as the information carrier. This
minimizes both interference between consecutive data
pulses in the time domain, but also adjacent channel
interference in the frequency domain.

Frequency Domain =

: B=1; (*Nyquist bandwidthx)

. nf
cosinechannel = COS[R] ;

cosf = Piecewise[{{0, f < -B}, {cosinechannel, f <B}, {0, f>B}}];

Plot[cosf, (f, -2, 2},
AxesLabel » {"Frequency", "Magnitude"},
PlotLabel - "Cosine Channel",

GridLines -» Automatic]

Cosine Channel
Magnitude

Cosine channel in the
frequency domain

Frequency
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Time Domain =

- cost = InverseFourierTransform[cosf, f, t, FourierParameters - {0, -2x}]

_ 4Cos[2nt]

n(-1+16t?)

- cost = -

The InverseFourierTransform can
be used to determine the time
domain pulse.

4 Cos[2 n t] .

x (-1+16t2)

Plot[cost, {t, -2, 2},

PlotLabel » "Cosine Pulse",
AxesLabel -» {"time", "amplitude"},

PlotRange - All,
GridLines » {{-0.25, 0.25, 0.75, 1.25}, {1}}]

Cosine Pulse
amplitude

time
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Cosine or Duobinary Pulse

Clear[cp, sincl, sinc2]

Sin|2 t+0.25
siLcl: 1n[ ol )];

2x (t+0.25)

Sin[2x (t-0.25)]
sinc2 = .

2x (t-0.25)

cosP = sincl + sinc2;

The term duobinary is somewhat confusing, because there are two definitions:

+ a pulse with 3 possible values: -1, 0O, 1
« a pulse which can be decomposed into 2 sinc pulses

Normally sequential data pulses (or symbols) must not overlap. In this case, it would
seem that a second pulse could be centered at t = 0.75 since at that instant only, the two
pulses are distinguishable.

However, it is possible to separate sequential data pulses by t = 0.5 since the leading sinc

component of one pulse completely overlaps the trailing sinc component of the adjacent
data pulse.

: Clear[ss, k, cosPulse]

Plot[{cosP, sincl, sinc2}, (t, -2, 2},

PlotRange - All,

PlotStyle » {Black, Dashed, Dashed}, cosPulse[t_] =
GridLines » {{-0.75, -0.25, 0.25, 0.75}, {1}},
PlotLabel -» "Cosine Pulse Components",
AxesLabel -» {"time", "amplitude"},
PlotLegends -» "Expressions"|

Cosine Pulse Components

amplitude

4Cos |2 t]
7 (-1+16t?)
Plot[cosPulse([t], {t, -2, 2},

PlotRange - All,
PlotLabel - "Cosine Pulse",
AxesLabel » {"time", "amplitude"},

+cosine pulsex

The cosine pulse is also called GridLines » {{-0.75, -0.25, 0.25, 0.75}, {1}}]
duobinary because it can be R
decomposed into 2 sinc pulses amplitude

\l tlme
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Random Duobinary Data Stream

ss = 0.5; (»symbol spacings
so = 0.25; (»sinc offsets

nos = 123 (xnumber of symbolss

rData = RandomChoice[{0, 1}, nos]; («random data-

Sampling the data stream

makes it easy to create an

eye diagram

output[t ] = Z (rDatafk]) cosPulse[t - (k-1) ss+1];
k'l

nos +1
P'lot[output[t] 3 {t, e,

2 b
PlotRange » {All, {-0.2, 2.2}},
PlotLabel -» "Data Stream",
AxesLabel » {"time", "magnitude"},

GridLines » {Table[k, {k, so, nos, ss}], {0, 0.5, 1, 1.5, 2}},
Epilog »

{Text [Row [{"Verti cal lines

sampling instant"},
Background - White|, Scaled[{0.95, 0.95}], Right]}]
magnitude

Data Stream
2.0+

Vertical lines = sampling instant
1.5

1.0

0.5
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1.0

0.5

Sampled Duobinary Data Stream

: Clear[sps, signal, n]

sps = 32; (» samples per symbol =

signal = Table[output[n], {n, 0.000001, (nos +1) ss, i}],
sps

ListPlot[signal,

PlotRange - All,

PlotLabel - "Sampled Data Stream",

AxeslLabel » {"sample", "amplitude"},

GridLines » {Table[n s {n, (sps+1) ss, nos sps, sps}],
(0.5, 1, 1.5, 2}},
Epilog -

{Text [Row [{"Verti cal lines

sampling instant"},
amplitude

Background - White], Scaled[{0.95, 0.95}], Right]}]
Sampled Data Stream

Vertical lines = sampling instant

100 200

\./Q*—‘- sample
300 400



Duobinary Eye Diagram

slice = Partition[signal, Round[sps]];

ListLinePlot [sl‘i ce, There is no ISI at the YZ%%EBE({,}

PlotRange - All, sampling instant.

PlotLabel » "Eye Diagram",
AxeslLabel » {"symbol sample", "ampl‘itude"},

GridLines - {{% +1}, (0.5, 1, 1.5, 2)}]

Eye Diagram
Eye Diagram amplitude
amplitude -
2.0f . 1.0

1.5 | 0.5
1.0:- . symbol sample

0.5F i 0.5}

- symbol sample -

) 10 15 20 -1.0 I

Unipolar pulses Bipolar pulses
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Partition Command

Partition can be used to

create an eye diagram
f= 10;
sps = 32; (»samples per symbolsx)

: B 1
signal = Table [e't Sin[2x ft], {t, 0,1, }] : slice = Partition[signal, sps];

faps ListPlot[slice] («the output starts at sample 1«)
ListPlot[signal]

1.0+ e
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A sampled signal Each cycle overlayed

Page 66 of 175 Mathematica & Raspberry Pi



Sine or Modified Duo-Binary Channel

Like the cosine channel, the sine channel is composed of two sinc pulses except that they are of
opposite polarity. This technique works in systems that cannot carry a DC signal such as circuits

using capacitor or transformer coupling.

Clear [B, sinew, sinet, sinechannel, sinech]

sinechannel = Abs [S1’ n [%w ] ] 3

B=1;
sinech =

Piecewise[{{0, w < -B}, {sinechannel, w < B}, {0, w > B}}];

. Plot [sinech, {w, -2, 2},
PlotRange - All,
AxesLabel -» {"w", "magnitude"},
PlotLabel -» "Sine Channel"™)

Sine Channel

. magnitude
Frequency domain

1.0

The Sine Channel pulse can be determined by
taking the Inverse Fourier Transform of the
low pass sine channel

sinet = InverseFourierSinTransform[sinech, v, t,

FourierParameters -» {0, -27}];

Plot[sinet, (t, -4, 4},
PlotRange - All,
AxesLabel - {"time", "Amplitude"},

PlotLabel » "Sine Channel Time Doma'in"]

Sine Channel Time Domain
Amplitude

1
OF
!

Time domain

_05}

-1.0}
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Modified Duo-Binary Pulse Composition

- Cledr[sincl, sinc2, t, modDB]

Sin|2x (t+0.25
sincl = [ : )];

27 (t+0.25)

-Sin[2x (t-0.25)]
sinc2 = :

2x (t-0.25)

modDB = sincl + sinc2;

Plot[{sincl, sinc2, modDB}, {t, -2, 2},

GridLines » {Table[k, (k, -2.25, 2, 0.5}], Automatic},
PlotStyle » {Dashed, Dashed, Thick},

PlotLabel -» "Modified Duo Binary Pulse",

AxesLabel » ("time", "amplitude"},

PlotLegends - "Expressions"]

The duo binary pulse can easily be modified
by inverting one of the sinc components.

Modified Duo Binary Pulse

amplitude

Cosine Pulse Components
amplitude




Sine Data Stream & Noise

Clear[k]
ss = 0.5; (»symbol spacingsx)

nos = 30; (»number of symbols«)
rData = RandomChoice[{-1, 1}, nos]; («random data«

output[t ] = ZrDafla[k] <sinePulse[t- (k-1) ss+107°];
k=1

(»can't seem to be able to add noise to this summations)

rn=0.1;
noise := RandomReal[{-rn, rn}];
outputNoise[t ] :=
Sum|[ (rDatafk]) ( sinePulse[(t- (k- 1) ss) +10'5] +noise),

{k, 1, nos}];

Plot[{outputNoise[t], output[t]}, {t, @, (nos +1) ss},
PlotRange - All,

PlotLabel -» "Sine Data Stream",

AxesLabel » {"time", "magnitude"},

GridLines » {Table[k, {k, ss, nos, ss}], {-2, -1, 1, 2}},
PlotStyle -» {LightGray, Black},

Epilog »

{Text[Row[{"Vertical lines = sampling instant"},
Background -» White], Scaled[{0.95, 0.95}], Right]}]

magnitude

3+

A

2

1

A

Sine Data Stream

Vertical lines = sampling instant

A

-1t

=2t

-3

w -

Wi i
vy e

time
Vls
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Sampled Duobinary Data Stream
Modified Duobinary Eye Diagram

Clear[sps, signal, n]

= slice = Partft'ion[signal, Round[sps]];
sps = 32; (» samples per symbol «) ListLinePlot[slice,
PlotRange - All,
" : "
signal = TableI[output[n], {n, 0.000001, nos ss, s_:s}]’ :l::t::::: {EzsmE;:g:::pie", "amplitude"},
ListPlot[signal, GridLines » {{sps/2+1}, {-2, -1, 1, 2}}]
PlotRange -» All,

PlotLabel » "Sampled Data Stream",

AxeslLabel -» {"sample", "amplitude"},

GridLines » {Table[n, {n, spsss+1, nos sps, spsss}],
(-2, -1, 1, 2}},

Epilog »

Eye Diagram

amplitude

{Text[Row[{"Vertical lines = sampling instant"},
Background - White], Scaled[{0.95, 0.95}], Right]}]

symbol sample

Sampled Data Stream

amplitude
[ ’\ Vertical lines = sampling instant
LA ;3 A I I A
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Raised Cosine Channel

This shape is also known as a Hanning window, and is a better approximation of an analog filter since
the frequency response curve gradually tapers off. The roll off can vary between 0 and 1. A roll off of O

corresponds to a brick wall filter

Frequency Response

bw=0.5; (+bandwidth or vestigial symmetrys«)

= —— 3 (+symbol periods)

2 bw

B=13(»roll offx)

rcosch= 1+Cos[x fT]; (+rcos channels)

rcosf = Piecewise[{{0, f < -2bw}, {rcosch, -2bw< f<2bw}, {0, f>2bw}}];

Plot[rcosf, {f, -1.5, 1.5},

PlotLabel -» "Raised Cosine Channel",
AxesLabel » {"frequency", "magnitude"},

GridLines » {{0.5, 1}, {1}},
Epilog » {Text[Row[{"bw = ", bw, ", T = ", T, ", B = ", B}, Background - White],

Raised Cosine Channel

magnitude

2,

........

bw=05,T=1.,8=1

Scaled[{0.95, 0.95}], Right]}]

0.5

1.0

frequenc
5 q y

There are several different ways the
rcos channel equation can be written

Rcos channel with a
bandwidth of O.5.

=S

WIKIPEDIA
The Free Encyclopedia

Raised Cosine Channel

magnitude

bw=1,T=058=1

2

Rcos channel with a bandwidth of 1.
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Manipulate Raised Cosine

Clear([B, T, B, rc, rcp, rcc]
Manipulate[

rc=0.5+0.5 Cos[

2 (Abs[f] - (1-8) B)]; (»frequency responsex)
B2B
I
rcc = Piecewise[{{1, Abs[f] < (1-8) B}, {rc, (1-8) B sAbs[f] < (1+58) B},
{0, Abs[f] > (1 +B) B}}]; (+rcos channels)

1 S1‘n[7rt28] Cos[xﬁ tZB]

rep = — 3 (xrcos pulsex) B Roll Off e 0657
2B nt 1= (4 Bt B) 2 .
Vestigial Symmetery | 1 ¥
GraphicsRow| {
Frequency Response Impulse Response
Plot[rcc, {f, -2, 2}, 1.2f ' [ 1.0f ! [
PlotRange - {{-2, 2}, {-0.25, 1.25}}, ;Z ' ‘ ‘ 0.8}
(] 8r
GridLines - Automatic, 2 osf % 0-6f
Exclusions - None, & oaf 8 04
£ b 0.2
PlotLabel » "Frequency Response", P ’
0.0 0.0 Y \ g
Frame » True, 0.2l . | 02t ‘ |
FrameLabel » {"frequency", "magnitude"}], -2 -1 0 1 2 = =% 0 1
frequency time

Plot[rcp, {t, -2, 2},
PlotRange » {{-2, 2}, {-0.25, 1.1}},
GridLines - Automatiic,
PlotLabel -» "Impulse Response",
Frame - True,
FrameLabel » {"time", "amplitude"}]}],

Raised Cosine Channel

{{8, 0.5, "B Roll off"}, 0.001, 1, Appearance - "Labeled", ControlType - Slider},
{{8, 1, "Vestigial Symmetery"}, {0.5, 1}, ControlType -» PopupMenu},
ControlPlacement - Top,

FrameLabel -» "Raised Cosine Channel"]



Rcos Channel

In this example, the vestigial bandwidth,
B = 0.5 and the roll off, B =1

B=0.5; («Vestigial Symmetry - bandwidthx«)

1
T=—3 (»symbol spacingx)
2B

nf
rcc= 0.5+0.5 Cos[— 5
2B

rcos = Piecewise[{{®, f <-2B}, {rcc, -2Bs f<2B}, {0, f>2B}}];

Plot[rcos, {f, -2, 2},
GridLines -» Automatic,
AxesLabel » {"f", "magnitude"},

PlotLabel » "Raised Cosine Channe'l"]

]

Raised Cosine Channel
magnitude

1.

—

The InverseFourierTransform can be
used to find the time domain response.

ircos[t_] = InverseFourierTransform|[rcos, f, t, FourierParameters » {0, -2 x}] // FullSimplify

1
-0.25t+1. t3

((8.81028x107'° - (7.98337x107** +9.77681x10 > i) t) Cos [6.28319 t] +

((-0.0397887 - 8.81028x 102 i) + (2.1579x 10> - 1.76206x 108 i) t) Sin[6.28319 t])

Time Domain Plot (nhormalized to 1) =

Plot[%, {t, -1.5, 1.5},
PlotRange - All,
GridLines -» Automatic,
AxesLabel » {"time", "amplitude"},
PlotLabel » "Normalized Rcos Pulse"]

Normalized Rcos Pulse
amplitude

1
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Standard Form Rcos Pulse

When the roll off B = 0, the rcos
pulse reduces to 1 sinc pulse

: Clear[B, B, rcosPulse]
B=0.5; =1,

1 Sin[x t2B] Cos[x B t2B]
rcosPulse[t ] :=

2B nt 1- (4B tB)?

Plot[rcosPulse[t], {(t, -2, 2},

PlotRange -» All,

GridLines » {{-0.5, 0.5, 1}, {-1, 1}},
PlotLabel -» "Rcos Pulse (B=0.5 and B=1)",
AxesLabel » {"time", "amplitude"}]

Rcos Pulse (B=0.5 and p=1)

amplitude

Decomposing the rcos pulse into
3 sinc pulses allows this system to
exceed the Nyquist rate.

time

Decomposing a Rcos Pulse

Clear[sincl, sinc2, sinc3, racos, t]

Sin[2x (t+0.5)]

sincl =
2x (t+0.5)
When the roll off B = 1, the rcos
ndi § BI2X K] : pulse can be decomposed into
2rnt 3 sinc pulses.
I sin[2x (t-0.5)]
sinc3 = £

2x (t-0.5)
racos = sincl + sinc2 + sinc3;

Plot[{sincl, sinc2, sinc3, racos}, {t, -1.5, 1.5},
PlotStyle » {Dashed, Dashed, Dashed, Thick},
PlotLabel -» "Rcos Pulse Composition",

AxesLabel » {"time", "amplitude"},
PlotLegends - "Expressions"|

Rcos Pulse Composition
amplitude




Random Rcos Data Stream

Clear[rdata, signal, output, sps, nos]

Using bipolar pulses essentially Sampling the data stream simplifies
nos = 12; (snumber of symbolss eliminates a dc component. the construction of an eye diagram
sps = 16; (~samples per symbolx)
ss = 0.5; (xsymbol spacings
rdata = RandomChoice[{-1, 1}, nos];

(+ t = @ seems to create a problem. Adding 107 - signal:Table[output[t], {t, 0.000001, (nos +1) ss, i}],
nos sps
output[t ] = Zrdata[k] <rcosPulse[t - (k -1) ss+107°];
=t ListPlot[signal,
PlotRange - All,
: Plot[output[t] ) {t, @, nos ss}, PlotLabel » "Sampled Data Stream",

AxesLabel -» {"sample", "amplitude"},

GridLines » {Table[n, {n, (sps+1), nossps, sps}], {-2, -1, 1, 2}},

Epilog » {Text[Row[{"Vertical lines = sampling instant"}, Background - White],
Scaled[{0.95, 0.65}], Right]}]

PlotRange - All,

GridLines » {Table[k, {k, ss, nos, ss}], {-2, -1, 1, 2}},

PlotLabel -» "Bipolar Rcos Data Stream",

AxeslLabel » {"time", "amplitude"},

Epilog » {Text[Row[{"Vertical lines = sampling instant"}, Background - White],
Scaled[{0.95, 0.65}], Right]}] amplitude

= 2+
Bipolar Rcos Data Stream I /-\

Sampled Data Stream

amplitude 3 k /\
¢ 4 S %
r 1+ T T T S % | s %
2+ s Vertical lines = sampling instant
- s 3 s
| > o [
: el 1 s sample
1L 50 100 150 200

Vertical lines = sampling instant

3

time

2}
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Rcos Eye Diagram

slice = Partition[signal, Round[2 sps]];
ListLinePlot[slice,
PlotRange - All,
PlotLabel -» "Eye Diagram",
AxesLabel » {"symbol sample", "amplitude"},
GridLines » {{sps +1}, {-2, -1, 1, 2}},
PlotMarkers -» {Automatic, 4}]

Eye Diagram

amplitude

symbol sample




Wideband Racos Channel

The raised cosine shape can be used to define the roll-
off of a wider communication channel or filter.

-wl=1;
w2 = 2;

extendedracoschannel =

jiftexracos =

: A FourierParameters -» {0, -2x}] // Simplify
Piecewise[{{0, w < -w2}, {1-Cos[nw], w< -wl}, {2, w<wl}, {1-Cos[rw], w< w2},

{0, w>w2}}] _S1'n[27rt] +Sin[4 1t
0 w< -2 nt(-1+41t2)
l1-Cos[nw] w<-1
2 w<l

Plot[iftexracos, {t, -2, 2},
l1-Cos[nmw] w<?2
0 True PlotLabel -» "Extended Racos TDR",
AxesLabel » {"t", "f(t)"},

- Plot [extendedracoschannel, {w, -3, 3}, PlotR ALl
otRange -

PlotLabel -» "Racos with extended passband",

AxesLabel » {"o", "f(w)"}] Extended Racos TDR
f(t)

6

Racos with extended passband
f(w)

2.0
L

1.5¢

1.0

0.5}

InverseFourierTransform[extendedracoschannel, v, t,
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Root Raised Cosine Channel

This channel/filter is often used in matched filter
applications, one being in the transmitter and the other in
the receiver. This helps to optimize the S/N ratio.

The overall response is that of a raised cosine channel.

raisedcosinechannel =
Cos[nmw] +1

P'iecewise[{{o, w< -1}, { >

,w<1}, {0,w>1}}];

rootraisedcosinechannel = 4/ raisedcosinechannel

w<-1
(l+Cos[nw]) w<l

O v~ O

True

Plot [rootraisedcosinechannel, {w, -x, 7},
PlotLabel -» "Root Raised Cosine Channel",

AxesLabel » {"o", "f(w)"}]

Root Raised Cosine Channel
f(w)

WIKIPEDIA
The Free Encyclopedia

iftrracos = InverseFourierTransform[rootraisedcosinechannel, w, t]

22 Cos[t]
2 -4 t2

Plot[%, {t, -4m, 41},
PlotLabel -» "Rracos Time Domain Response",
AxesLabel -» {"t", "f(t)"}]

Rracos Time Domain Response
f(t)



https://en.wikipedia.org/wiki/Matched_filter
https://en.wikipedia.org/wiki/Signal-to-noise_ratio
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter
https://en.wikipedia.org/wiki/Root-raised-cosine_filter

Analog Modulation

Amplitude Modulation

Information can be used to modulate a high frequency carrier in
three principle ways: by varying the carrier amplitude, frequency
or phase.

The simplest and most bandwidth efficient of these methods is
amplitude modulation.

A sinewave carrier signal is of the form
e.=FE_ smw,_t
and a sinewave modulation signal is of the form
e, =E sinw, t
Notice that the amplitude of the high frequency carrier takes on

the shape of the lower frequency modulation signal forming what
is called a modulation envelope.

,1/7 > L
L AL
8 b
”"’/)/7
Lo
w2
WIKIPEDIA
The Free Encyclopedia
AM Modulation Depth (time domain)
I Il
1—4---\——‘—J‘—---—r ————————————————————— : -/-~--‘r--‘- —————————— I
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|
In this example, m = 0.5
6 Understanding Amplitude Modulation ROHDE&SCHWARZ @
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The modulation index is defined as the ratio of the
modulation signal amplitude to carrier signal amplitude.

m

m=—"
Ek, where 0=m =<1

The overall signal can be described by:

e, = (EC +F sinmmt)sin(x)ct

= (Ec +mkE sinoomt)sinooct

The product of two sinewaves produces sum and difference
frequencies:

SInw, fsinw,? = %cos(oo1 -, ) - %(:os(oo1 +m, )

The subtraction of two frequencies does not result in a
negative frequency. It is understood to really represent the
absolute magnitude:

sinw,sinw, = %cosﬂwl —(1)2‘) —%cos((x)1 +(n2)

One way to avoid a ‘negative frequency’ is to always
subtract the smaller value from the larger one. However,
when this expression refers only to angles, it is often
necessary to retain the negative.

As a result, expanding the instantaneous AM expression
results in:

e,, =FE.smw_ t+mkE_ sinw,sinw,_t
mE

C

mkE,

=FE_ sinw_f+ sm(wc +oom)
%/_J

SIn ((D c—W,, )—
Carrier 4

(N AN

LSB USB

From this we observe that upper and lower sidebands are
created when using amplitude modulation. The sideband
mE

amplitude is: , and the total occupied spectrum is

twice the bandwidth of the modulation signal or 2/, m,

Often, the amplitude of the carrier is normalized and the
expression is written:

e, = (1 +m smoomt)smooct



AM signals are often characterized in terms of power, since
it is power, which is used to drive antennas. The total
power in a 1 () resistor is given by:

2 2
E E
2 2

2 2
m m
P +—P +—P

4
2
=pc(1+m_)
2

From this we observe that with a modulation index of O,
the transmitted power is equal to the carrier power.
However, when the modulation index is 1, the total
transmitted power increases to 1.5 times the carrier power.

At 100% modulation, only 1/3 of the total power is in the
sidebands or only 1/2 of the carrier power is in the
sidebands.

In terms of voltages and currents:

2 2
m m

ET=EC 1+7 l. =1 1+ —

If the carrier is modulated by a complex signal, the effective

modulation can be determined by the combining the
modulation index of each component.

m =\/m1 +m, + m, + ---(must not exceed 1)
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Modulation Frequency o | » 133

L

Manipulate Baseband Signal & AM Spectrum

Carrier Frequency o | ) [312.5
Modulation Index = ) 30.5
AM Spectrum
1.4}
1.2}
Manipulate [ . Baseband - Carrier
= 1.0} 52 ®
baseband = {wm, 1};
m 08}
LSB = {wc-wm, —}; (* Lower Sideband x)
2 06}
car = {wc, 1}3 (* Carrier =)
m 04}
USB = {wc+wm, -}; (* UpperSideband x) _LSB
2 02} ¢
dat = {baseband, LSB, car, USB}; (* organize data »)
0.0 1 1
0 5 10

ListPlot[dat » {"Baseband", "LSB", "Carrier", "USB"},
PlotStyle -» PointSize[0.02], Filling -» Axis,
PlotLabel -» "AM Spectrum", AxesLabel -» {"Hz", "Magnitude"},
Frame -» True, ImageSize -» {500},

PlotRange - {{0, 20}, {0, 1.5}}1,

{{wm, 3, "Modulation Frequency"}, 1, 5, Appearance - "Labeled"},

{{wc, 12.5, "Carrier Frequency"}, 10, 15, Appearance - "Labeled"},
{{m, 0.5, "Modulation Index"}, 0, 1, Appearance - "Labeled"} ]




Manipulate AM in the Time Domain

Manipulate[
Plot[{(1l+m=*Sin[wmt]) *Sin[wc t], 1+m+Sin[wmt], m}, {t, 0, 10},

PlotStyle -» {Blue, {Dashed, Red}, {Dashed, Gray}},

PlotRange -» ({0, 10}, {-2, 2}},

PlotLabel -» Style["Amplitude Modulation", 16],

AxesLabel » {"Time", "Amplitude"},

ImageSize » {5600}, PlotLegends » {"AM Waveform", "Modulation Envelope", "Modulation Index"}],

{{m, .5, "Modulation Index"}, ©, 1, Appearance - "Labeled"},
{{wm, 2.5, "Modulation Frequency"}, 0, 5, Appearance - "Labeled"},

{{wc, 20, "Carrier Frequency"}, 10, 30, Appearance -» "Labeled"}]

Modulation Index e———— ) [1 (.5

Modulation Frequency essssssss————— | [J 2§

Carrier Frequency easssssss————— [ 3 20

Amplitude Modulation

Al Al \ 1IN

bt e
il

Amplitude
2~

VVV ;HUWV | MW\ ----- i
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DSBSC Time Domain

m=1; (*+ Modulation Index =)
wm = 13 (xModulation Frequency =)

wc =103 (* Carrier Frequency =)

Plot[{(m#*Sin[wm t]) * Sin[wc t] (»+ DSBSC AM Equation ), Sin[wm t]} (+ Modulation Signal «),
{t, 0, 10},
ImageSize » {500},
PlotLegends » Placed[{"DSBSC Waveform", "Modulation Signal"}, Bottom],
PlotRange -» {{0, 10}, {-1, 1}}, (+ time range, amplitude range =)
PlotLabel - "Double Sideband Supressed Carrier - 100% Modulation",

AxesLabel » {"time", "amplitude"},
Double Sideband Supressed Carrier - 100% Modulation

Frame - True] 1.0 ¢ ' T
|
05} I A
0.0 time
-05 “
U
U U
-10, . Uz A ' ! T 10

— DSBSC Waveform - Modulation Signal



Modulation Index e e 1105

Modulation Frequency e | ) 2 1.704

Carrier Frequency —:: m15.8

Manipulate DSBSC Time Domain
DSBSC

Amplitude
1.0r

Al Al

oo} L N

Manipulate[Plot[{(m#* Sin[wm t]) * Sin[wc t], m* Sin[wm t], m},
{t, ®, 10}, PlotStyle -» {Blue, {Dashed, Red}, {Dashed, Orange}},

-05¢+F

PlotRange -» {{0, 10}, {-1, 1}},

PlotLabel » Style["DSBSC", 16],

AxesLabel » {"Time", "Amplitude"},

ImageSize » {500},

PlotLegends -» Placed[{"DSBSC Waveform", "Modulation Signal", "Modulation Index"},
Bottom]],

—— DSBSC Waveform ----- Modulation Signal
----- Modulation Index

{{m, 0.5, "Modulation Index"}, 0, 1, Appearance - "Labeled"},
{{wm, 3, "Modulation Frequency"}, 1, 3, Appearance - "Labeled"}, (*+ Modulation Frequency =)

{{wc, 15, "Carrier Frequency"}, 10, 20, Appearance - "Labeled"} (+ Carrier Frequency #)]
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Manipulate DSBSC Frequency Domain

Manipulate [baseband = {wm, 1} Modisation Fraquency emmmmm— ) &3
n Carrier Frequency e | ) 1312
LSB = {wc—wm, ;}; (* Lower Sideband *) Modulation Index e —————— 2 0.836
car = {wc, 0}; (* Carrier *) DSBSC Spectrum
m .
USB:{wc+wm, —}; (* UpperSideband =) Ko aniimni]
2 °
1.0f
mpr = 20; (* maximum plot range #)
| 08|
dat = {baseband, LSB, car, USB}; (* organize data )
ListPlot[dat -» {"Baseband", "LSB", "No Carrier", "USB"}, 06F
Lss USB
|
PlotStyle - PointSize[0.02], 0.4t ¢ .
LabelingFunction - Top,
Filling - Axis, 9E[
PlotLabel - Style["DSBSC Spectrum", 16], il
ool — . .. e e
E 10 15 20

AxesLabel -» {"Hz", "Magnitude"}, 0
ImageSize » {500}, PlotRange » {{0, mpr}, {0, 1.1}}],

{{wm, 3, "Modulation Frequency"}, 1, 5, Appearance - "Labeled"},
{{wc, 12, "Carrier Frequency"}, 10, 15, Appearance - "Labeled"},

{{m, 0.5, "Modulation Index"}, ©, 1, Appearance - "Labeled"} ]




SSBSC Time Domain

Type to enter textSSBSC systems are very power efficient because they do not transit the carrier frequency, which contains most of the
transmitted power and contains no modulation information. They are also bandwidth efficient because they do not transmit a redundant
sideband. These systems were widely used in L-carrier radio telephony links. It is also used in CB (citizen band) radios.

m=1; (* Modulation Index (m=1l = 100% modulation)s)
wm = 1; (*Modulation Frequency =)

wc =103 (» Carrier Frequency =)

Plot[{m*Sin[wc t-wm t], Sin[wm t]}, (+ SSBSC AM Equation (lower SB) =)
{t, 0, 10},

PlotLegends -» Placed[{"SSBSC Waveform", "Modulation Signal"}, Bottom],
ImageSize » {500},

PlotRange -» {{0, 10}, {-1, 1}}, (* time range, amplitude range =)
PlotLabel - "Double Sideband Supressed Carrier - 100% modulation",

AxesLabel » {"time", "amplitude"}, : ; : :
Single Sideband Supressed Carrier - 100% modulation

Frane + True) TN T T T T VTN T

/ \ / \

ST A NG
S \ / \ L.

AN

FEREEN NIA |

0 2 4 6 8 10

N
—
S —
e —

— SSBSC Waveform — Modulation Signal
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Manipulate SSBSC Time Domain

- Manipulate[Plot[{(m#*Sin[wc t-wm t]), m#* Sin[wm t], m},
{t, 0, 10},

PlotStyle » {Blue, {Dashed, Red}, {Dashed, Orange}},
PlotRanke » ({0, 10}, {-1, 1}},

PlotLabel - Style["sSBSC", 16],

AxesLabel » {"Time", "Amplitude"},

ImageSize » {500},

PlotLegends -» Placed[{"SSBSC Waveform", "Modulation Signal", "Modulation Index'
Bottom]],

Modulation Index e e 1505
{{m, 0.5, "Modulation Index"}, ©, 1, Appearance - "Labeled"},

{{wm, 3, "Modulation Frequency"}, 1, 5, Appearance - "Labeled"},

{{wc, 15, "Carrier Frequency"}, 10, 20, Appearance - "Labeled"}]

Modulation Frequency e 1 3

|

Carrier Frequency co o 1 15

SSBSC

Amplitude
1.0
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-
-
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-
-~

—— SSBSC Waveform
..... Modulation Index



Manipulate SSBSC Frequency Domain

Modulation Index —_;

' 0.5

Modulation Frequency e |

@3

Carrier Frequency c— |

@15

Manipulate[baseband = {wm, 1}; SSBSC Ssediii
LSB = {wc-wm, m}; (* Lower Sideband =) Magnitude
car = {wc, 0}; (* Carrier =) 14]
USB = {wc +wm, 0}3 (* UpperSideband x)
2 Baseband
dat = {baseband, LSB, car, USB}; (+ organize data «) ] 101 'I I
ListPlot[dat » {"Baseband", "LSB", "No Carrier", "USB"}, o8l
06} LSB
LabelingFunction - Top, s
PlotStyle » PointSize[0.02], 04
Filling - Axis, o,
PlotLabel - "SSBSC Spectrum", NoCamar=  ugh
AxesLabel » {"Hz", "Magnitude"}, I

ImageSize » {500},
PlotRange -» {{0, 20}, {0, 1.5}}],

{{m, 0.5, "Modulation Index"}, ©, 1, Appearance - "Labeled"},

{{wm, 3, "Modulation Frequency"}, 1, 5, Appearance - "Labeled"},

{{wc, 15, "Carrier Frequency"}, 10, 20, Appearance - "Labeled"}]
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Sampling & Tables

SetOptions[ListPlot, LabelStyle » {FontFamily -» "Arial", FontSize - 14},
ImageSize - 500, GridLines -» Automatic, Ticks -» Automatic ];

SetOptions[ListLinePlot, LabelStyle » {FontFamily -» "Arial", FontSize - 14},
ImageSize -» 500, GridLines -» Automatic, Ticks -» Automatic ];

(* plot options =)

Note: Sampling artifacts will occur unless: Sample the function (AM Signal)

1. Allfrequencies are harmonically related by integers dat = Table[(1+msSin[2x fmndt]) * ca Sin[2x fc ndt], {n, tns}];

2. The total number of samples are an integer power of 2 (+ sampled wave form «)
3. Sampling rate exceeds the Ny(]UiSt limit datp = Table[{k dt, dat[[k]]}, {k, 1, tns}]; (* coordinate plotting pairs =)
ListPlot[datp, AxesLabel -» {"t", "f (t)"}, PlotLabel -» "AM Waveform"]

AM Signal Charcteristics AM Waveform
3 : f(t)

fm =10 107 ; (* Modulation Frequency =)

fc = 160 > 103; (# Carrier Frequency =) i A n -“ .

m=06.8; (» Modulation Index =) ﬂ,

(* Carrier Amplitude =) 0.5

f\/\/\

Sampling Parameters I 000002 00(5004 0% t))aoobj o\odoov oocofo

tmax =1/fm; (* time window = 1 cycle of the modulation -0.5¢

tns = 1624; (+ total number of samples (2")s) ~1.0t : ‘J

dt = tmax /tns; (* time increment =) 15 v U




Sampling & the FFT

In this example, an AM signal above will be sampled and the FFT applied to generate the frequency spectrum.

Calculate the FFT and plot the spectrum

zoom = 16; (« 2,4,8,... to zoom in on the lower part of the spectrum %)
ft = Fourier [dat, FourierParameters - {1, -1}]; (* FFT %)
datf =Table[{(k-1) / (tmax), 2Abs[ft[[k]]] / (tns)},
{ky, 1, tns}]; (¢ coordinate plotting pairs =)
ListPlot[datf[[1;; tns/ (2zoom)]], (*+ © Hz to some maximum =)
PlotRange -» All, Filling - Axis, FillingStyle -» Thick, AxesOrigin- {0, 0},
AxeslLabel -» {"f (Hz)", "Magnitude"}, PlotLabel -» "AM Spectrum"]

AM I‘-E.pectrum
Magnitude

1.0+ - g
0.8+
0.6+
0.4+ : T

0.2+

R N e M i
50000 100000 150000 200000 250000 300000f(HZ)
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Multiple AM Signals

AM Signals

- k=103 (xkHzx)

aml = (1+Sin[27r10kt]) S1’n[27r1(90x103 t] 3

am2 =0.4 (1+0.8Sin[27r20kt]) Sin[2r200kt] ;
am3 =0.6 (1+0.6Sin[27x30kt]) Sin[27300kt] ;
am4 = 0.8 (1+0.4Sin[27r20kt]) Sin[2nr400kt] ;
signal = aml + am2 + am3 + am4;

tw= ——3 (xtime windowsx)
10k

The time window was selected to
provide 1 cycle of the lowest
modulation frequency.

Time Domain Signal

. tsignal = Plot[signal, {t, 0, tw},
PlotLabel -» "Signal",
AxesLabel -» {("Time", "Amplitude"}]

Signal
Amplitude

3F

A Time

odoo .0qoo v 010

Signal - Sampled & Tabled

ns = 1024 (xnumber of samplesx)
: : tw
signalTable = Tab'le[s1gna1, {t, 0, tw, —}],
ns

ListPlot[signalTable,
PlotLabel -» "Sampled Signal",
AxesLabel » {"sample n", "Amplitude"}]

Sampled Signal
Amplitude

3L
2

TRE

ve o's St
L
-

P Lo Pooeyin o lninc, Ulie nh
I I P T 1 ;:':::,:.:-_;‘,;‘.,::._::*.-:;;:_5:-':90-90 sample n

Increasing the number of samples
increases the time & frequency resolution.




The DFT table contains complex numbers. Therefore
the absolute value [Abs] is used to plot the
magnitude. A second table was created just to AM Spectru m
include a column for the sample number.

= ListPlot[dft,
DFT Table PlotRange -» {{0, 600000}, All},
PlotLabel -» "AM Spectrum",

AxesLabel » {"Frequency in Hz", "Magnitude"},

3= ftSignalTable = Fourier[signalTable, FourierParameters -» {1, -1}];

. n-1 Abs[ftSignalTable[[n]]] ns . . .
ftsignalTableN = Table[{n - 1, —>2 == b {ns 1, ?}] ; Filling -» Axis]
TableForm[ftSignalTableN, AM Spectrum
TableHeadings -» {{"Table"}, {"sample", "Frequency", "Magnitude"}}]; Magnitude

1.0t

0.8}

. 9]: 06 u

Select the frequency & magnitude
columns to plot the spectrum. 04|
0.2}

Select DFT Table Columns

0.0 * Frequency in Hz

- frequency = ftSignalTableN[[All, 2]]; 100000 200000 300000 400000 500000 600000
magnitude = ftSignalTableN|[[All, 3]];

dft = Transpose[{frequency, magnitude}]; The PlotRange{min,max} values can be

used to plot the portion of interest.
TableForm[dft,

TableHeadings -» {{"Table"}, {"Frequency", "Magnitude"}}];
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Sampling Artifacts

When the sampling conditions are not met, the results are misleading and require additional interpretation. In the following
example, the carrier and modulation signals are not harmonically related by integers. Consequently, the spectrum contains
numerous calculation artifacts.

Calculate the FFT and plot the spectrum

. zoom=8; (« 2,4,8,... to zoom in on the lower part of the spectrum x)
ft = Fourier[dat, FourierParameters -» {1, -1}]; (* FFT %)
datf = Table[{(k-1) / (tmax), 2Abs[ft[[k]]] / (tns)},
{k, 1, tns}]; (* coordinate plotting pairs =)
ListPlot[datf[[1;; tns/ (2zoom)]], (*+ © Hz to some maximum =)
PlotRange -» All, Filling - Axis, FillingStyle -» Thick, AxesOrigin- {0, 0},
AxesLabel -» {"f (Hz)", "Magnitude"}, PlotLabel -» "AM Spectrum"]

AM Spectrum

Magnitude

1.0y ‘ The uneven sideband amplitudes is
3 due to calculation artifacts. Changing

0.8+ ~ : - : : the number of samples and sampling

rate alter the results.

0.6+ | | 4

0.4+ -

0.2+ ~ ~ -

onoc'!f"_! T}Tc!!]]‘l 11‘]1]]'1! !11]]'10m f(HZ)

100000 200000 300000 400000 500000 600000



RF Mixing or Heterodyning

The multiplication of two sine waves creates sum and difference frequencies
plus harmonics and other components. A mixer is often followed by a tuned
circuit which eliminates all the undesirable components.

f1 f1 +f2
f1-f2

f2

In most cases, the lower frequency signal is the baseband or data, while the
other, much higher frequency is an intermediate or final carrier signal.
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Manipulate[

Frequency 1 ==={ | @1
GraphicsGrid[{ b —— 22

{freql = Sin[2x f1 t]; Frequency 1

Plot [freql, {t, 0, 1} s amplitude
PlotRange - Automatic, AxesLabel -» {"time", "amplitude"}, "

PlotLabel - Style["Frequency 1", 16]]}, =

{freq2 = Sin[2 x f2 t]; -05
Plot[freq2, {t, 0, 1}, -1.0
PlotRange -» Automatic, AxesLabel -» {"time", "amplitude"},

PlotLabel - Style["Frequency 2", 16]]},

Frequency 2

amplitude
1.0

{product =Sin[2x f1l t] Sin[2x f2 t]}
Plot [product, {t, 0, 1},

0.5

PlotRange - Automatic, AxesLabel - {"time", "amplitude"}, T2\ oa R
PlotLabel - Style["Product™, 1611}}, e
-1.0
ImageSize - 500], Product
amplitude
(* Variables =)
{{f1, 1, "Frequency 1"}, 0, 16, 1, Appearance - "Labeled"}, 05
i 0.2 0.8 10"

{{f2, 2, "Frequency 2"}, 0, 16, 1, Appearance - "Labeled"},

FrameLabel -» Style["Product of Two Sinewaves", 16]]
Product of Two Sinewaves




Combined Plot

- w=1}
fl=Sin[lwt];(+ Lower Frequency =)
f2 =Sin[Swt]; (+ Higher Frequency x)
product = f1 f2; (« product =)

Plot[{fl, f2, product}, {t, 0, 2 x},

ImageSize -» 500, PlotLegends -» "Expressions",

AxeslLabel » {"t", "Magnitude"},

PlotLabel - Style["Two Sinewaves and their Product", 16],
PlotStyle - {{Dashed, Blue}, {Dashed, Green}, Red}]

Two Sinewaves and their Product
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Lower Frequency f1 —:3 ) £34.27

Frequency Domain (amplitude is not to scale) e e e
Mixer Output Spectrum
amplitude
Man“ipulate[
104
fl = {ml1, ©.8}; 1 2 R
f2 = (m2, 0.8} 08| B °
1
f3 = {Abs[mz-mll, -}; (# Difference frequency =)
2 06 f2-f1 f2<|rf1
1 ® ®
fa = {m2+m1, -}; (* Sum frequency =)
2 04}
datl = (f1, f2}; S
dat2 = {f3, f4}; (* organize data =) silpp o s walpopm b s pobomavapp s g
I 0 = 10 15 20 25 0
ListPlot[{datl -» {"f1", "f2"}, dat2 » {"f2-f1", "f2+f1"}}, | Mixer out = mixer in + sums & differences

LabelingFunction - Top, PlotStyle -» PointSize[0.02], Filling -» Axis,
PlotLabel -» Style["Mixer Output Spectrum", 16],

AxesLabel -» {"freq", "amplitude"},

Frame -» False, ImageSize -» 500,

PlotRange -» {{0, 30}, {0, 1.1}}],

{{ml, 5, "Lower Frequency f1i"}, 1, 10, Appearance - "Labeled"},
{{m2, 15, "Higher Frequency f2"}, 1, 15, Appearance - "Labeled"},

FrameLabel -» Style["Mixer out = mixer in + sums & differences", 16] ]



Frequency Modulation

There are three parameters in a sinewave carrier that may
be varied or modulated to convey information: amplitude,
frequency, and phase.

>
Frequency Modulation

Notice that frequency modulation looks very much like
phase modulation. They are in fact very similar, and many
textbooks refer to them both as angle modulation.

Recall that a general sinusoid is of the form:
e, = sin((oct +0 )

Frequency modulation involves deviating a carrier
frequency by some amount. If a sine wave was used to
frequency modulate a carrier, the mathematical expression
would be:

®, =0, +Awsinw ¢

9

where SEEDA
w, =1nstantaneous frequency
w, = carrier frequency
Aw = carrier deviation

, =modulation frequency

This expression shows a signal varying sinusoidally about
some average frequency. However, we cannot simply
substitute expression in the general equation for a sinusoid.
This is because the sine operator acts upon angles, not
frequency. Therefore, we must define the instantaneous
frequency in terms of angles.

It should be noted that the amplitude of the modulation
signal governs the amount of carrier deviation, while the
modulation frequency governs the rate of carrier deviation.

The term w is an angular velocity and it is related to
frequency and angle by the following relationship:

do

(D=27|:f=z
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To find the angle, we must integrate w with respect to time,

we obtain:

fwdt=6

We can now find the instantaneous angle associated with an

instantaneous frequency:

0 =fu)l.dt =f((uc + Awsinw ¢ Wt
Af

AW
=W, t —m—cosmmt =, t-——cosw, !

m m

This angle can now be substituted into the general carrier
signal to define FM:

Af

e, =sin|w t-——cosw,?

m

The FM modulation index is defined as the ratio of carrier
deviation to modulation frequency:

A
-

As a result, the FM equation is generally written as:

€y = sin@ct —my, coswmtJ

This is a very complex expression and it is not readily
apparent what the sidebands of this signal are like. The
solution to this problem requires knowledge of Bessel’s
functions of the first kind and order p. In open form, it

resembles:

2k+p

MU E
7,k)= 3 k!(lgil)

where:

J, (x) = magnitude of frequency component
p =side frequency number

x = modulation index

As a point of interest, Bessel’s functions are a solution to
the following equation:

d’ d
x2+dx§/+xd§+(x2—p2)=0

Bessel’s functions occur in the theory of cylindrical and

spherical waves, much like sine waves occur in the theory of

plane waves.

It turns out that FM generates an infinite number of side
frequencies. Each frequency is an integer multiple of the



modulation signal. It should be noted that the amplitude of Side Frequency Magnitude vs Modulation Index

the higher order sided frequencies drops oft quickly. 0.6

It is also interesting to note that the amplitude of the 0.4}
carrier signal is also a function of the modulation index.
Under some conditions, the amplitude of the carrier

frequency can actually go to zero. This does not mean that -
the signal disappears, but rather that all of the broadcast
energy is redistributed to the side frequencies. -0.2F

In FM systems, the signal envelope remains constant as
does the transmitted power. However, as the carrier Carrier Magnitude vs Modulation Index
frequency is deviated, the power gets redistributed from the
carrier into side frequencies. This increases the
transmission bandwidth, also known as spread spectrum.
Mathematically, this phenomenon is described by Bessel’s
functions of the first kind and order p.

|
.“‘
T
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FM Radio Baseband Spectrum

Monp Stereo Audio
Audio Left - Right
Left + Right :
19kHz
stereo
pilot DirectBand Audos subcarrier
(10%) RBDS (10%) (10%)
+ ool ) +
0l | | | 57 \ | | |
kHz
30 15 23 38 53 58 65 67.65 76.65 92 99
Hz kHz kHz kHz kHz Kbz kHz KkHz kHz kHz

Courtesy: Wikipedia By Arthur Murray

The FM spectrum bandwidth is approximated by Carson’s Rule: CBR = 2(fm+Af) or twice the modulation and deviation frequencies.

For Commercial FM broadcast, the maximum baseband modulation frequency (fm) is 15 KHz, although this is increased to 53 KHz for FM
stereo, and even higher for specialty services. The maximum modulation index 1s 5, and the maximum carrier deviation (A f) is 75 KHz. To
keep the transmitted RF signal within the allocated frequency slot, the modulation index is reduced (by decreasing the amplitude of baseband
signals above 15 KHz), thus reducing the carrier deviation (from a maximum of 75 KHz) for high frequency signals and keeping within the
assigned 200 KHz broadcasting slot.



https://en.wikipedia.org/wiki/Carson_bandwidth_rule
https://en.wikipedia.org/wiki/FM_broadcasting
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Manipulate Modulation Index, Modulation Frequency, & Carrier Frequency in the Time Domain

Manipulate[Plot[{Sin[wc t -mfm Cos[wm t]], Cos[wm t]}, {t, ©, 1},
PlotLabel - Style["Frequency Modulation", 16],
Frame - True,
FrameLabel » {"Time", "Amplitude"},
ImageSize » {600, 400}],
{{mfm, 5, "Modulation Index"}, ©, 10}, (*+ modulation index =)
{{wm, 6, "Modulation Frequency"}, 2, 10}, (* modulation frequency =)

{{wc, 150, "Carrier Frequency"}, 100, 200} (* carrier frequency )]

o
Modulation Index co—— | )
Modulation Frequency e )
Carrier Frequency e | )

Frequency Modulation

T T T T T T T T T T T T T T

TN D ]

0.5} \\ / _

—

0.0 N Vi

Amplitude

Al

0.0 0.2 0.4 0.6 0.8 1.0

Time
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Side Frequency Amplitude as a Function of Modulation Index

Manipulate[Plot [Besseld[sf, mi], {mi, ©, 10},
(» sf = Side Frequency mi = Modulation Index »)ImageSize -» {600, 400},
PlotLabel - "Side Frequency © = Carrier",
FrameLabel -» {"Modulation Index", "Magnitude"},
PlotRange -» {{0, 10}, {-0.5, 1}},
Frame - True,
GridLines - Automatic], {{sf, ©, "Side Frequency"}, {0,1,2,3,4,5,6, 7, 8, 9}}]

o

Side Frequency ‘0 v |

Side Frequency 0 = Carrier

T T T T T T T T T

Magnitude

T

-0.4 . | | d

Modulation Index




FM Spectrum as a Function of Modulation Index

Clear[mi, sf, spectrum]
Manipulate|
spectrum = Table[{sf, BesselJ[sf, mi]}, (s, -10, 10}];
ListPlot[spectrum,
PlotStyle - Blue,
PlotRange » {{-11, 11}, {-0.6, 1}},
Filling - Axis,
PlotLabel » "FM Spectrum & Phase",
AxesLabel » ({"Side Frequency", "Amplitude"},
ImageSize -» 500,

Epilog » (Text["Negative amplitudes are a 180 phase shift", (5, -0.5}]}],

{{mi, 5.0, "Modulation Index"}, 06, 10, Appearance -» "Labeled"},
FrameLabel -» "FM Side Frequencies as a Function of Modulation Index“]

Clear[mi, sf, spectrum]
Manipulate|

spectrum = Table[{sf, Abs[Bessell[sf, mi]]}, {sf, -10, 10}];

ListPlot[spectrum,

PlotStyle - Blue,

PlotRange » {({-11, 11}, {0, 1}},
Filling - Axis,

PlotLabel » "FM Spectrum Magnitude",
AxesLabel » ("Side Frequency", "Amplitude"},
ImageSize -» 500],

{{mi, 5.0, "Modulation Index"}, 6, 10, Appearance - "Labeled"},
FrameLabel -» "FM Side Frequencies as a Function of Modulation Index"]

Modulation Index

™ » 3 5.

-10

FM Spectrum & Phase

® o e — Side Frequency
10

Amplitude
0.6
[ ]
° °
i °
1
T 0.1} ?
. -9 | .9 *
® - 5
[ )
-04r¢
Negative amplitudes are a 180 phase shift

Modulation Index

FM Side Frequencies as a Function of Modulation Index

m » 3 5.

FM Spectrum Magnitude
Amplitude
1.0

0.8f
A spectrum analyzer can only display 0sl
magnitude and not phase.
° 045 °
™ ° °
° °
0'2li
[ ]
[ ] I i ) [} [
- o @ — L L ® o o Side Frequency
-10 -5 0 5 10

FM Side Frequencies as a Function of Modulation Index
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FSK

Frequency shift keying is a form of digital modulation. Two frequencies are used to represent the binary signal. \T’Z}c}gﬁ%ﬁ

Spectral analysis of a sine wave of finite duration
(time window is set to 1 second)

Clear[ns, fs, dt, ft, ift, ifdt, datf, datp, f1, 2] : :
Plot the Time Domain

ns = 1024; («* number of samp'l_es *) - ListPlot[datp, Joined -» True, AxesLabel » {"t", "f(t)"},

fs = 10.0; (+« Signal Frequency (Hz) &) PlotLabel » Style["The Signal”, Bold], (s« plot the signal vs time )
= - ,

TicksStyle » Blue, ImageSize » Large]

$ (+ Time increment (sec) «) The Signal
f(t) X

IR

05H

1
dt =
ns

Tabulate the signal and time components

@8- fl = Sin[2x fsndt];

02 0/4 0i6 08
f2 =Sin[2x2.0 fsndt];
. . ns ns -051
dat=Tab1e[P1ecew1se[{{f1, n< 7 > {f2, nz ?}}] - ns}];
(» create a table of signal data «) u U U U U u U u U u U
datp = Table[{kdt, dat[[k]]}, {k, 1, ns}]}; -10f u V u

(« Add the time scale to the signal table &)
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Perform the Fourier Transform

- ft = Fourier[dat, FourierParameters - {1, -1}]; (« Apply the Fourier Transform «)

datf=Tab1e[{(k-1) / (nsdt), 4Abs[ft[[k]]]/ns}, {k’ 1, %s}]’

(« Create a table up to the Nyquist Rate =)

Plot the Frequency Domain

ListPlot[datf[[l $3 ?]], (+ a3;;b means the span of elements from a to b &)

PlotLabel » Style["Frequency Spectrum", Bold],
PlotRange - All,

Filling -» Axis, TicksStyle - Blue,

AxesLabel » {"f (Hz)", "Amplitude"},

ImageSize » Large]

(+ Plot the Spectrum =)

Frequency Spectrum
Amplitude

10F e o
08¢
.
0.6'. .

041

02
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A Closer Look at the Spectrum

5l- fMin =03 (x minimum frequency «)

fmax = 403 (+ maximum frequency =)

ListPlot[datf[[fmin+1 ;; fmax+1]],
PlotLabel » Style["Frequency Spectrum", Bold],
PlotRange - All,
Filling » Axis, TicksStyle » Blue,
AxesLabel » {"f (Hz)", "Amplitude"},

ImageSize -» Large]

Frequency Spectrum
Amplitude

10 L 3

08F

06 @
i6]= ¢

04rf

02




Collinear Isotropic Array i

3‘—;5/:2

WIKIPEDIA

The Free Encyclopedia

Far Field

Broadside Array

» Array Axis

Collinear Isotropic Array

Stars are essentially isotropic sources, since they radiate nearly the same amount of energy in all directions. However,
they differ from radio sources in one very significant difference; they are vastly larger than the wavelength they radiate.

Collinear radio sources can be spaced such that they cancel each other out in a specific direction. This is known as
destructive interference. The net result is that two or more closely spaced antenna based isotropic radio sources are no
longer isotropic. They will radiate more in one direction and less in another.

The change from a spherical radiation pattern to a shaped one is known as the array factor.

There are many different equations for array factor, but the most common ones make certain assumptions:
Radiating elements are identical in every way
Element spacing is within a few wavelengths of each other

All elements have a constant phase shift with respect to each other
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4 Element Isotropic Collinear Array: Linear Plot

Broadside Array
Clear[n, A, d, a, af]

n=4; (» number of radiators «)

4 Element Array Factor
A=1; (» wavelength in meters «)

16 3w
d=0.51; (» element spacing in wavelengths «) 2 m 2
a=0; (» phase shift between elements x) ar ' ' | i
2 ! . i
¢ =—d Cos[@] +aj3 I 4 Radiators ]
by 3L | A=1_| 8
ne I d=05A i
sin[2t] Phase Shift = 0 rads i
af := Abs[ —2-; . .
S‘In[’-] S { — af
2 =
= £ 2F -
af s o h g moeas f
naf = — 3 (» Normalized Array Factor =) e | | na
n L .
1F -
P'l.ot[{af, naf}, {6, 0, 2}, ]
PlotRange -» All, )
PlotLabel - n "Element Array Factor", O -
| | 1
Frame - True, o o 3
FrameLabel -» {"Radians from axis", "magnitude - 2
n 3rn Radians from axis
FrameTicks » {{; y Ty T ’ Automat'lc},

b4 3x
GridLines » {{;, w, -;- 3 Automat'lc},

PlotLegends -» "Expressions",
Epilog - {
Text[Row[{n, " Radiators"}], Scaled[{0.4, 0.8}], Left],
Text[Row[{"A = ", A}], Scaled[{0.4, 0.75}], Left],
Text[Row[{"d ",d," A"}], Scaled[{0.4, 0.7}], Left],
Text[Row[ {"Phase Shift = ", a, " rads"}], Scaled[{0.4, 0.65}], Left]

]



Manipulate 4 Element Isotropic Collinear Array: Linear Plot By manipulating the phase shift or separation,
the antenna can broadcast most of its energy in
the end-fire mode.

Clear[a, af, n, d, a]

Manipulate % number of radiators eo——— | L+
P [ separation (1) eo— | 1+51
AS 1; phase shift (radians) e—— |  Ed 0
Sin [ n—zt] 2 x . -
af::Abs[—]; = — d Cos[@] +aj} = . -
S1n[!] A l : :
2 4
P'Lot[af, {6, 0, 27}, m ﬂ
3F
PlotRange -» All,
n 3w 8
FrameTicks -» {{—, 7, —}, Automat'lc}, 2,
2 2 g
b g 3
GridLines » {{—, Xy = 3, Automat'lc}, i
2 2 1
Frame - True,
FrameLabel -» {"Radians from axis", "magn'ltude"}] . °r | | |
T 3
2 g ry
Radians from axis
{{n, 4, "number of radiators"}, 1, 10, 1, Appearance -» "Labeled"},
{{d, 1, "separation (A)"}, 0.25, 2, 0.25, Appearance - "Labeled"}, Array Factor

n
{{a, ©, "phase shift (radians)"}, -n, r, — , Appearance -» "Labeled"},
10

FrameLabel -» "Array Factor"]
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Clear[af]

N=43 A=1; d=60.5; a=0;

Sin|[ &
af::Abs[g]; =2—nd Cos[©] + aj
S'ln[-:-] Y

PolarPlot[{af}, {&, 0, 27},
PolarAxes - True,
PolarGridLines -» {Automatic, Automatic},
PolarTicks » {"Degrees", Automatic},
PlotLabel -» n "Radiator Array Factor",
PolarAxesOrigin- {0, n},
ImageSize -» Medium,

PlotLegends - "Expressions",

Epilog » {Text["Array Axis", {n, 0.1}, Right],

210°

225°

Text[Row[{n, " Radiators"}], Scaled[{0.2, 0.3}], Lefi,,

Text[Row[{"A
Text[Row[{"d

", 2}], Scaled[{0.2, 0.25}], Left],
",d," A"}], Scaled[{0.2, 0.2}], Left],

v

4 Radiator Array Factor

4 Radiators
A=1
d=052
Phase Shift = 0 rade

330°

Nnceco nnc o

Text[Row[ {"Phase Shift = ", a, " rads"}], Scaled[{0.2, 0.15}], Left]

}



Clear[n, d, a, af] Manipulating a polar plot.

Man1pu1ate[

2 2w
. =—dc .
]], — d Cos[e] +a;

PolarPlot[af, {6, 0, 27},

PolarAxes - True,

PolarAxesOrigin- {0, n},

PolarGridLines » {Automatic, Automatic},

PolarTicks » {"Degrees", Automatic},

Epilog » {Text["Array Axis", {n, 0.1}, Right],
Text[Row[{n, " Isotropic Radiators"}], Scaled[{0.2, 0.3}], Left],
Text[Row[{"A ", A}], Scaled[{0.2, 0.25}], Left],
Text[Row[{"d ",d," A"}], Scaled[{0.2, 0.2}], Left],
Text[Row[{"Phase Shift = ", a, " rads"}], Scaled[{0.2, 0.15}], Left]

s

{{n, 4, "number of Radiators"}, 1, 10, 1, Appearance - "Labeled"},
{{d, 6.5, "separation (A)"}, 0.25, 2, 0.25, Appearance -» "Labeled"},

w i Vi
{{a, ®, "phase shift (radians)"}, --, —, — , Appearance » "Labeled"},
2 2 18

FramelLabel -» "Array Factor"]

number of Radiators em— 3+

separation (A) e | k2 05

phase shift (radians) e———— | .+

VIV Y

Phase Shift = 0 rads

Array Factor
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number of radiators ee———— | 3+

Clear [af, ne, k, ¥, d, 6, ¢, 1] An alternative array factor R Dlos
Mani pUIate[ equat|0n phase shift (degrees) e ——— | » B o
ne
af = Ze“"'l’ (kdCostel+¥) s (, array factor =) . ArmayFactor
n=1
K 2
o
A=1;
Abs[af] )
naf = ———; (» normalized array factor «x)

ne
PolarPlot[Abs[af], {&, 0, 27},
PlotRange -» All,

PolarAxes -» True,

PolarGridLines » Automatic,
PolarAxesOrigin- {0, ne},
PolarTicks » {"Degrees", Automatic},
PlotLabel » "Array Factor",

Epilog » {Text["Array Axis", {ne, 0.1}, Right], Phase Shift = 0 rac
Text[Row[{ne, " Isotropic Radiators"}], Scaled[{0.2, 0.3}], Left],
Text[Row[{"A = ", 1}], Scaled[{0.2, 0.25}], Left],
Text[Row[{"d = ", d, " A"}], Scaled[{0.2, 0.2}], Left], P D
Text[Row[ {"Phase Shift = ", y, " rads"}], Scaled[{0.2, 0.15}], Left]
31,

{{ne, 4, "number of radiators"}, 1, 10, 1, Appearance -» "Labeled"},
{{d, 0.5, "Separat*Ion (A)"}, 0.1, 2, 0.1, Appearance - "Labeled"},

b
{{w, ®, "phase shift (degrees)"}, -n, n, E’ Appearance - "Labe‘led"},

FrameLabel -» "Array Factor"]



ne
af = Ze‘ (n-1) (kdCostel+#) s (, array factor =)

n=1
27r.
5 oy
A=1l; ne=4; d=6.25; ¢y =0;
- Abslaf] , 8 ,
naf = — 3 (* normalized array factor =)

3
SphericalPlot3D [Abs[af] y {6, 0, 7}, {¢, o, Tn g

PlotRange -» All,
PlotLabel » "Array Factor",
AxesLabe‘l b {"X" 9 llYll 9 llz"} ’

ImageSize » Medi um] R

‘Array Factor
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COI I i n ear Di pO I e Array Dipoles with a common axis is known form a collinear array

The dipoles can also be placed side by side in which case, by changing
the spacing or phasing between dipoles, can be configured to create

4
either a broadside or end fire radiation pattern.
* Z, :
r‘ N Clear[d, a, ¥, 6, ¢, A, n, af, naf, dipole]
2r
¥y = — d Cos[O] +a;
A
Sin[%¢] . .
A - Abs[ 2 ]; Basic Equations
t sin[£]
2
2 af
naf = —3
n

dipole := Abs[Sin[&]];
A=1l; a=0; n=4;
d= 9.5;

The array factor (af] is the overall radiation pattern of a group of antennas.
The most common antenna element is the dipole.

These dipoles are most often arranged in 1 or 2 dimensional arrays.

|<———>| Ic— —bl |<—r-—>| .
k L & l‘-



https://en.wikipedia.org/wiki/Dipole_antenna
https://en.wikipedia.org/wiki/Collinear_antenna_array

A Single Dipole

Clear([d, a, ¥, 6, ¢, XA, n, af, naf, dipole]

WIKIPEDIA

The Free Encyclopedia

dipole := Abs[Sin[©]];

SphericalPlot3D[dipole, {6, 0, 7}, {¢, O, 1.5 7},
PlotRange - All,
AxesLabel -» {"X", "y", "Z"},
PlotLabel » "A Vertical Dipole")

A_Vertucal Dipole

05¢

0.0

The dipole radiation pattern resembles a donut _0.5.-

with the antenna passing through the hole. ‘o
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Linear Plot of a Collinear Dipole Array

P'I.ot[{af dipole, dipole, naf}, {6, 0, 27},
PlotRange - All,
Frame -» True,
PlotLabel -» "Dipole Collinear Array",
FrameLabel -» {"Angle from Array Axis (rads)", "Magnitude"},

FrameTicks - {{g, n, 37"}, Automat‘ic},

. g 3r ;
GridLines » {{E, 7, Th L Automat1c},

PlotLegends » {"Collinear Array", "Dipole", "Normalized Array Factor"},
Epilog - {
Text[Row[{n, " Dipoles"}], Scaled[{0.4, 0.9}], Left],
Text[Row[{"A = ", A}], Scaled[{0.4, 0.8}], Left],
Text[Row[{"d = ", d, " A"}], Scaled[{0.4, 0.7}], Left],
Text[Row[{"Phase Shift = ", a, " rads"}], Scaled[{0.4, 0.6}], Left]

}] Dipole Collinear Array

w

4™ 1
1~ 5

T

4 Dipoles
A=1
d=05A

Phase Shift = 0 rads — Collinear Array

—: —— Dipole

Magnitude
N
T

—— Normalized Array Factor

Angle from Array Axis (rads)



Collinear Array

v

Polar Plot of a Collinear Dipole Array

—— Collinear Array

—— Dipole

- —— Normalized Array Factor

PolarPlot[{af dipole, dipole, naf}, {6, 0, 27},

. 4 Dipoles

PlotRange - All, . -y
d=05A
Phase Shift=0 rad

PolarAxes - True,
PolarGridLines -» Automatiic,

PolarAxesOrigin - {0, n}, o i
PolarTicks -» {"Degrees", Automatic},
PlotLabel -» "Collinear Array",
PlotLegends -» {"Collinear Array", "Dipole", "Normalized Array Factor"},
Epilog » {Text["Array Axis", {n, 0.1}, Right],

Text[Row[{n, " Dipoles"}], Scaled[{0.2, 0.3}], Left],

Text[Row[{"x = ", A}], Scaled[{0.2, 0.25}], Left],

Text[Row[{"d = ", d, " A"}], Scaled[{0.2, 0.2}], Left],

Text[Row[{"Phase Shift = ", a, " rads"}], Scaled[{0.2, 0.15}], Left]
}]
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3D Plot of a Collinear Dipole Array

Clear[d, a, ¥, 6, ¢, A, n, af, naf, dipole]

A=1l3; a=0; n=43; d=6.5; #05¢

dipole := Abs[Sin[©]];

S'in["—*] 2
f := Ab 2= 1; i=—d C -
a s[ Sin[¢] ], ¥i=— os[6] + a;
af
naf = —3
n

SphericalPlot3D[af dipole, {&, 0, 7}, {®, 0, 27},
PlotRange - All,

AxeslLabel -» {"X", "Y", "2"),

PlotLabel -» "Vertical Collinear Dipole Array"]

Vertical Collinear Dipole Array




Manipulate 3D Plot

Number of Elements e————————— 4

Element Separation | * k& 0.5

Clear[dipole, ¢, A, d, a, ¥, af, naf]

Manipulate[
dipole := Abs[Sin[6]]};

2r
¥ = T d Cos[6] +aj

Sin[“—zt]
af := AbS[T[!]];
A=1j a=0;

Vertical Collinear Dipole Array

SphericalPlot3D[af dipole, {&, 0, 7}, {¢, O, 27},
PlotRange - All,
AxeslLabel -» {"X", "Y", "Z"}],

{{n, 4, "Number of Elements"}, 1, 8, 1, Appearance -» "Labeled"},

{{d, 6.5, "Element Separation"}, 0.5, 2, 0.25, Appearance -» "Labeled"},

FrameLabel -» "Vertical Collinear Dipole Array"
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Broadside Array

All elements are in phase to create a broadside array.
Collinear dipole arrays are always broadside because there is no radiation from the end of the dipole.
However, by changing the phase between elements, the broadside angle can be altered.

Broadside

ﬁ% ; » Array AXis

A B

Parallel Array — End View

Clear[af, ne, k, ¥, d, 6, ¢, A]

ne
af = Abs [Ze’“"‘“ "‘dc““’]""]; (+ array factor x)

n=1
2r
K= —3
: : A
Basic Equations
A=1; y=0; d=0.5; ne =4;
af
naf = — 3§ (» normalized array factor x)
ne

dipole := Abs[Sin[6]];
broadside = 1; (» from the side view,

each element acts as an isotropic radiator x)



Broadside Array Linear Plot

Plot[{af, naf, broadside}, {6, 0, 27},

PlotLabel -» "Broadside Array",
PlotRange - All,

Frame -» True, FrameLabel -» {"Angle in Radians", "Magnitude"},

FrameTicks » {{g s N, 3%}, Automat'ic},

. b 3x )
GridLines - {{E’ 7, T . Automat1c},

PlotLegends -» {"Array Factor", "Normalized AF", "Isotropic Radiator"},
Prolog - {

Text[Row[{n, " Dipoles"}], Scaled[{0.1, ©0.8}], Left],

Text[Row[{"d = ", d, " A"}], Scaled[{0.1, 0.7}], Left],

Text[Row[{"y = ", ¢y, " rads"}], Scaled[{0.1, 0.6}], Left]}

] Broadside Array
i an
2 " 2
4 L
4 Dipoles
3r d=052 .
g @ =0 rads | —— Array Factor
-] 4
€2 —— Normalized AF
(]
= — Isotropic Radiator
1 P PN P PN
O+
I I 3n
2 2

Angle in Radians
Fdye 1£0 01 1/0



Broadside

v "~

Broadside Array Polar Plot

PolarPlot[{af , naf, broadside}, {6, 0, 27},
PlotRange - All,
PolarAxes - True,

PolarGridLines -» Automatic, <4 Dipoles
PolarAxesOrigin - {0, n}, :;.5/\

PolarTicks » {"Degrees", Automatic}, > Phase Shift = a raf
PlotLabel » "Broadside",

Epilog » {Text["Array Axis", {n, 0.1}, Right], nee o noc o

Text[Row[{n, " Dipoles"}], Scaled[{0.2, 0.3}], Left],

Text[Row[{"A = ", A}], Scaled[{0.2, 0.25}], Left],

Text[Row[{"d = ", d, " A"}], Scaled[{0.2, 0.2}], Left],
Text[Row[{"Phase Shift = ", a, " rads"}], Scaled[{0.2, 0.15}], Left]

}]



Broadside Array 3D Plot

K
Spherica1P10t3D[af Abs[Sin[¢]], {&, O, 7}, {¢, 0, Tﬂ},

PlotRange - All,
PlotLabel » n" Broadside Array",

AxesLabe'l -8 {"X", "yll, "le},

4 Broadside Array

ImageSize » Medium]
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Manipulate Broadside Array Polar Plot

Clear[af, ne, k, ¥, d, 6, ¢, A]
Manipulate[

ne
af =Abs[Z4ai (n-1) ‘kdc°‘[°]‘”]; (» array factor =)

n=1

af
naf = —3 (» normalized array factor x)
ne

dipole := Abs[Sin[©]];

PolarPlot[af dipole, {6, 0, 27},
PlotRange - All,
PolarAxes - True,
PolarGridLines -» Automatic,
PolarAxesOrigin - {0, ne},
PolarTicks » {"Degrees", Automatic},

Epilog » {Text["Array Axis", {n, 0.1}, Right],
Text[Row[{ne, " Dipoles"}], Scaled[{0.2, 0.3}], Left],
Text[Row[{"x = ", A}], Scaled[{0.2, 0.25}], Left],
Text[Row[{"d = ", d, " A"}], Scaled[{0.2, 0.2}], Left],

number of radiators e | 3+

separation (A) e————— | L+

v L

150°

" 4 Dipoles
A S L A 330°
d=1A '

Phase Shift = 0 rads

210°

NEER ° NOoK °

Broadside Array

Text[Row[{"Phase Shift = ", a, " rads"}], Scaled[{0.2, 0.15}], Left]

o

{{ne, 4, "number of radiators"}, 1, 10, 1, Appearance - "Labeled"},
{{d, 1, "separation (1)"}, 0.1, 2, 0.1, Appearance - "Labeled"},

FrameLabel -» "Broadside Array"



End Fire Array

T ire
Ci@ ﬂO @ /1\ 7 \ | Ayt >

Parallel Array — Face View

Clear[af, ne, k, ¥, d, 6, 2]

Some initial conditions
A=1; ne=4; a=0; d=0.25;

ne
af = Abs [Zei (n-1) (kdCos[e]+¥) ] :
n=1

K 2r .
T
n Basic Equations
¥y==3
2
af
naf = —3
ne

endfire =1; (» from the side view it looks like an isotropic radiator =)
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End Fire Array Linear Plot

P'lot[{af, naf, endfire}, {6, 0, 21},
PlotRange - All,

Frame -» True, FrameLabel » {"Radians from Array Axis", "Magnitude"},

FrameTicks - {{7—2r e 37"}, Automatic},

GridLines » {{g y Ty 37”}, Automatic},

PlotLegends -» "Expressions",
Prolog - {
Text[Row[{n, " Dipoles"}], Scaled[{0.1, 0.8}], Left],
Text[Row[{"Element Spacing = ", d, " Wavelengths"}], Scaled[{0.1, 0.7}], Left],

Text[Row[{"Phase Shift = ", y, " radians"11. Secaledrra.1. A.611. l eft
n 3n
: 2 n 2
] At _
: 4 Dipoles
8 i Element Spacing 5/0.25 Wavelengths §
o | Phase Shift = & radians
'g 2 — af
T 2} i
o | — naf
2 L
: — endfire
1r P i
OF |
a T 3n
2 2

Radians from Array Axis



v "~

End Fire Array Polar Plot
150°

PolarPlot[af, {6, 0, 27},
PlotRange - All,
PolarAxes - True,

4 Dipoles
A=1

210° 330°

PolarGridLines -» Automatic, Phase Shift = g rads

225°
PolarAxesOrigin - {0, ne},

PolarTicks -» {"Degrees", Automatic},

nce o Nnorc o

Epilog » {Text["Array Axis", {ne, 0.1}, Right],
Text[Row[{n, " Dipoles"}], Scaled[{0.2, 0.3}], Left],
Text[Row[{"A = ", A}], Scaled[{0.2, 0.25}], Left],
Text[Row[{"d = ", d, " A"}], Scaled[{0.2, 0.2}], Left],
Text[Row[{"Phase Shift = ", y, " rads"}], Scaled[{0.2, 0.15}], Left]

}]
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Bode Plots

RC Network

A 1st order low pass filter can be made from a simple a RC network

Resistor, R I
—_—
O
Va Capacitor. C S Ve
O O
The transfer function (gain) is given by:

your 1 =wj= i
g ey where s=wj=2rmf]

A complex operator is required because the transfer function causes a change in
both the magnitude and phase of the input signal

Courtesy: Electronics Tutorials

WIKIPEDIA
The Free Encyclopedia

The output magnitude and signal phase shift resembles:

Corner
_ Vout Frequency
Gain =20 log 2 1 fe
/ A
Pass Band | [ StopBand )
Y
0dB i —
3dB <«—-3dB (459
l;req:ency O
- i i -20dB/Decade
Q.
3 '
Bandwidth
- -
Phase fc(LP)  Frequency(Hz)
0° (Logarithmic Scale)
45°
Phase
Shift
-90°

Frequency (Hz)
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Clear[hl, dB3, r, c, T, S]

It is always good practice to Clear the

r=1+16°; c=1+10"°%; _ w0
variables at the beginning
T=rc;
1
dB3 = — 3 (» 3 dB down «x)
V2
1 i :
hl = s (* RC Circuit «)

TS +1

1
BodePlot[{hl, dB3, 1, —}, {(0.01, 100},
S

PlotRange - Full,

PlotLayout » "HorizontalGrid", PlotLayout=>Horizontal Grid places

GridLines - Automatiic, the plots side by side
PlotLabel -» {"Magnitude", "Phase"},

FrameLabel -» {{"0", "dB"}, {"0", "Degrees"}},

1
PlotLegends - {"H(S) = ﬁ"’ ".3 dB", "0 dB Asymptote",
S +

"_20 db/dec asymptote"},

ImageSize » Med'ium]

Magnitude
40F T

20

20+

80}

-40 b

0.01 0.1 1 10 100 0.01 0.1

10

100

H(S) - RC1s+1

-3dB
0 dB Asymptote
-20 db/dec asymptote
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BodePlot Function

Mathematica reserves the
letter s for this function.

Clear[H, k, Q, wmin, wmax, s]

k
H= ; Magnitude
s24+ 241 f 0 = g SR —
Q
wmin = .01; D _40 |+
wmax = 100; -60H
-80 L WL LI
BodePlot[H, {wmin, wmax}, 0.0 0.1 1
GridLines - Automatic, w

PlotLabel » {"Magnitude", "Phase"},
FrameLabel s {{llwll’ lldBll}’ {llw", llDegreeSll}},

PlotLayout -» "HorizontalGrid"]

Degrees

Phase
OF T TR
-50¢
-100 H—H

0.01 0.1 1 10 100



Manipulating Bode Plot Variables

. Gain e | 11
Clear[H, k, Q, wmin, wmax, s] . : o1
Manipulate [ Magnitude
0Fp - T i
H a 20
= ; - 0
s?+2 41 @ 8
Q o -40 8)
wmin = .01; R -
- 100; e b . 50 '
wmax = > 0.01 0.1 1 10 100 001 01 1 10 100
w w
BodePlot[H, {wmin, wmax},

GridLines -» Automatic,

PlotLabel » {"Magnitude", "Phase"},
FrameLabel -» {{"0", "dB"}, {"w", "Degrees"}},
PlotLayout - "HorizontalGrid"],

{{k, 1, "Gain"}, 0.1, 10, Appearance - "Labeled"},
{{Q, 1, "Q"}, 0.1, 10, Appearance - "Labeled"}]
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Plotting Asymptotes

Clear[a, b, c, d, e, s]

1 1 10 1,2
a-= . — . ( );
S

3
s+1

Asymptotes are very useful when

BodePlot[{a, b, ¢, d, e}, {.01, 160}, manually graphing the Bode response.

GridLines - Automatic,
PlotLabel » {Magnitude, Phase},

FrameLabel » {{w, dB}, {w, degrees}},

n mon n l n n 10 11 11 1 Zn
’ 0 sy T ’ (—) }’
s+1 S S S

PlotLegends - {"

PlotLayout -» "HorizontalGrid"

Magnitude .
s+1
- T T w 0.
— 0
o =-50¢t
(b}
o 1
S -100| .
©
001 01 1 10 100 001 01 1 10 100 .
1,2
w w — (;)



2nd Order Control System

www.electricalworkbook.com

Figure 1 Second order control system block diagram.

Cl(s
(): W R B §

R(s) 82+ 26w,s + w2

Page 135 of 175


https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/Control_system

Control System Equation

Clear[wn, £, s, system]

Manipulate[

wn? This is the ‘standard form’ of the

system = 2 S ) 2nd order control system equation.
s“+2&wns +wn

BodePlot[system, {0.01, 100},
PlotLayout - "HorizontalGrid", GridLines -» Automatic,
PlotLabel » {"Magnitude", "Phase Shift"},
FrameLabel -» {{"w", "dB"}, {("w", "Degrees"}}],

{{wn, 1, "wn"}, 0.5, 10, 0.1, Appearance - "Labeled"},

1
{{fa E: "§"}, 0.1, 2, 0.1, Appearance - "Labeled"}

] _

wn o | i 5.6

§ o= | ' kd 0.3

Phase Shift
of 0 =T
% =20 H—HHH—HHH § (00
-50 L I | | | Il Il |
0.01 0.1 1 10 100 0.01 0.1 1 10 100




Control System Impulse Response

Clear[wn, £, s, system]

The control system impulse response can be

1 : :
wn=1; § = —3 determined by taking the Inverse Laplace

V2

wn?
system = 5
s?+2 Ewns +wn?

InverselLaplaceTransform[system, s, t]

Plot [96, {t, ©, 10}, PlotRange - All, GridLines -» Automatic,

PlotLabel -» "System Impuse Response", Frame - True,
FrameLabel » {"time", "Magnitude"},

Prolog -> {

wn?

Text[Row[{"H(s) = . "}] , Scaled[{0.6, 0.6}], Left] -

s?2+2&wns+wn
Text[Row[{"wn = ", wn}], Scaled[{0.6, 0.4}], Left],

transform of the system equation.

System Impuse Response

Text[Row[{"E = ", §}], Scaled[{0.6, 0.2}], Left] g [ d
1 04} ]
0.3 - .
H(s)= ]
_g +2fwns+wn® |
S 02f ]
= wn=1

0.1t ' 1 .

f= =
V2 .
0.0 1 .
0 2 4 6 10

time
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Natural Frequency esss | 1

Damping Ratio e=( } L

V2
Clear[cf, s, wn, mag, phase, £]
(wn)? .
. Magnitude

. pUIate[ s?+2{ wns +(wn)? :

i (wn) ;

s2+2Cwns + (wn)?

S i=Jw; sl

wmin = 0.01; “

wmax = 1003 .

mag = 20 LoglO[Abs[cf]]; _g0

LogLinearPlot [mag, {v, wmin, wmax},

GridLines » Automatic, et I i e L e I e ] I S G o]

0.01 0.10 1 10 100
Frame -» True, .

FrameLabel -» {"o", "dB"},
2nd Order Control Function

n 2
PlotLabel -» " St Magn'itude"] .
s?+2¢fwns + (wn)?

{{wn, 1, "Natural Frequency"}, 0.1, 10, Appearance - "Labeled"},

1l
{{Q, T, "Damping Rat"io"}, 0.1, 10, Appearance -» “Labeled"},
2

using the BodePlot function



Natural Frequency e | 1
L ni
Damping Ratio == | =
Mani ulate[
Phase
¢ (wn)? s +2f wns + (wn)?
CT = ; - —————ee ey ey e
s?2+2fwns + (wn)? oF
S =) w; _
wmin = 0.01; i B
wmax = 100; g
e .
180 8 -100
phase = Arg[cf] —
n
LogLi nearPlot[phase, {w, wmin, wmax}, -150
GridLinesaAUtomatic’ al i i da g aal " i da ol " " et s sl " " da sl
0.01 0.10 1 10 100
Frame - True,
w
FrameLabel -» {"w", "Degrees"},
(wn) 2 2nd Order Control Function

PlotLabel - "

Phase"],
s?+2Cfwns + (wn)?

{{wn, 1, "Natural Frequency"}, 0.1, 10, Appearance - "Labeled"},

1
{{Q, T , "Damping Rat'io"}, 0.1, 10, Appearance -» "Labeled"},
2

FrameLabel -» "2nd Order Control Function"]
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Electric Field Lines

The electric potential arising from a point charge, Q, at a distance, r, from the location of Q is observed to be

1 Q

ey T’

Ve
where & is the permittivity of vacuuml®], Vg is known as the Coulomb potential, and the ratio,

1

ke =
47!'60

is known as the Coulomb constant.

The electric potential at any location, r, in a system of point charges is equal to the sum of the individual electric potentials
due to every point charge in the system. This fact simplifies calculations significantly, because addition of potential (scalar)
fields is much easier than addition of the electric (vector) fields. Specifically, the potential of a set of discrete point charges
q; at points r; becomes

qi
- Ir —r;| ’

VE (r) = ke

where

e I' is a point at which the potential is evaluated;
e I; is a point at which there is a nonzero charge; and
e g;is the charge at the point r;.

Courtesy: Wikipedia


https://en.wikipedia.org/wiki/Electric_potential

3D Plot

Clear[ePot, xy, posl, pos2, pos3, ePotl, ePot2, ePot3, ql, q2, q3, sum]
r[v_] := ‘\/v.v (* vector magnitude - r = |r-rj| =)
q

ePot[xy_, pos_, q_] := (» electric field potential - Coloumb constant set to 1 x)

rixy - pos]
Xy = {X, Y}; (* location of measurement x)

posl = {-1, 0}; (* location of 1lst charge x)
il =13 (* 1lst charge )

ePotl = ePot[xy, posl, ql]; (* electric potential due to 1lst charge )

pos2 = {1, 0}3;q2 =1; (* 2nd charge x)
ePot2 = ePot [xy, pos2, q2];

pos3 = {0, -1}; q3 = -1; (» 3rd charge x)
ePot3 = ePot [xy, pos3, q3];

sum = ePotl + ePot2 + ePot3; (» electric potential due to all charges )

Plot3D[sum, {x, -2, 2}, {y, -2, 2},

PlotRange » {All, All, {-10, 10}},

PlotLabel » "Electric Potential",

AxesLabel -» {x, y, 2},

LabelStyle -» {Bold, FontSize -» 12}]

Electric Potential
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Equipotential Lines

- epl = ContourPlot[sum, {x, -2, 2}, {y, -2, 2},
Contours - 10,
GridLines - Automatic,
ContoursShading - False, Electric Potential
ContourLabels -» All, e 1 2 ]
PlotLabel -» "Electric Potential",
FrameLabel -» {"x", "y"},
LabelStyle -» {Bold, FontSize -» 12}]

D
o

—




Vector Field

3= VF = =Grad [sum, {x, V}];

sp = StreamPlot[vf, {x, -2, 2}, {vy, -2, 2},

GridLines -» Automatic,

PlotLabel -» "Electric Field Lines",
FrameLabel -» {"x", "y"},

LabelStyle -» {Bold, FontSize -» 12},
StreamColorFunction - None,
StreamStyle - Gray]

Electric Field Lines

Overlay

5= Show[epl, sp]

Electric Potential

2 B \ \ \

O\
\
O\

VAV

I

.....................
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Adding Text

6= Show[epl, sp,

Epilog ->

{

{Blue, PointSize[0.02], Point[{-1, ©}]}, (* 1lst charge x)

{Blue, Text["Q1 = 1", {-1, -0.1}]},
{Blue, PointSize[0.02], Point[{1l, ©0}]}, (* 2nd charge x)
{Blue, Text["Q2 = +1", {1, -0.1}]},
{Red, PointSize[0.02], Point[{0, -1}]}, (* 3rd charge x)
{Red, Text["Q3 = -1", {0, -1.1}]}}]

Electric Potential

vvvvvvvvvvvvvvvvvvvv

| \
% St ST
. O /T\ ) .‘//
AN
.\‘\5 X TN .’/./.:



ODE - Ordinary Differential Equations

1st Order

dv
—+av+b =0 _
dt General solutions have an unknown
integration constant.
- Clear([a, b]

DSolve[v'[t] +aVv[t] +b =0, V[t], t]

b
{{v[t] - -- +e‘atc1}} (* C1 is the 1integration constant x)
a

Clear[a, b, c]

DSolve[{v'[t] +avVv[t] +b =0, V[O] == c}, V[t], t
vt (€] y ¥ VIt T The integration constant can be found
If there is an initial condition.

at (_b-ac+bet
et ( - )}}

(fviea - -
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RC Charging Current

di 1 : _
o trc! 70

- Clear[R, c, Ein, cur] (» It is essential to clear all variables x)

1 Ein
DSolve[{cur'[t] + R— cur[t] =0, cur[0] = T , cur[t], t]
c

L
- {{cur[t] - LRE““}} Current e Network

(Ein= 1 Volts)

(R= 2 Ohms)

(c= 3.x10°8 Farads )
(r= 6.x10"® Sec)

Ein=1; R=2; ¢=3-10"°%; t=Rc;
e'ct_R Ein
cur = T; ]
Plot[cur, {t, 0, 50 -10°°},
PlotRange -» {Automatic, Full},
AxesLabel » {"Time", "Current"},
PlotLabel -» "RC Network",
Epilog - {
Text[{{"Ein = ", Ein, " Volts"}}, Scaled[{0.6, 0.9}], Left],
Text[{{"R = ", R, " Ohms"}}, Scaled[{0.6, 0.8}], Left],
Text[{{"C = ", N[c], " Farads"}}, Scaled[{0.6, 0.7}], Left],

Text[{{"t = ", N[t], " Sec"}}, Scaled[{0.6, 0.6}], Left]

...... Tlme
0.00001 0.00002 0.00003 0.00004 0.00005



2nd Order

No Initial Conditions|

aizV+biv+cv =0
dt dt
Clear[a, b, c]

DSolve[av''[t] +bVv'[t] +cvVv[t] =0, V[t], t]

1 l b vbZ-dac ] ¢ 1 ‘ b vb2-dac | t
2 | a” a 2| a’ a
C) + € / Cz}}

{{V[t] > e

1 Initial Condition v[0]==d &

. Clear[a, b, c]
DSolve[{av''[t] +bVv'[t] +cV[t] =0, v[0O] =d}, V[t], t] // Simplify

) [b*\"lbz“‘ac ] t Vb?_4act Vb?_4act
: {{v[t] > e 2a de a +Cy - € a C1 }}
2 Initial Conditions v[0]==d, V[0]==e ¥

Clear[a, b, c]

DSolve[{av''[t] +bVv'[t] +cV[t] =0, V[0] ==d, V'[0O] == e}, V[t], t] //

FullSimplify
h2 _ (bd +2ae) Sinh[ybi-4act
{{v[t] e dCosh[ > 4act]+ i [ £s ]
2a Vb?-4ac
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RLC Parallel

Impulse Response

v 1 d&v ]
a2 Tre at T Lc

- Clear[a, b, res,

DSoIve[{v' '"[t]+av'[t] +bVv[t] =0, v[0] ==1, Vv'[0] = E}, v[t], t] //
a

FullSimplify

at

0)= {{v[t] >e 2 Cosh[% \Ja?-4b t] + (

at

- soln =e 2 |Cosh

Circuit

The circuit equation is found by
writing KCL around the loop.

v=0

ind, cap, soln]

2 + a?) S‘inh[% Jaz-4b t]
avaZz-4b

(2+a?) sinh[L Va?-4b t]

ava2-4b ’

Rk

1 1
a= ; b= - ; res=1-10%; ind=10-10"3; cap=10-10%;
res cap ind cap
1
w0 = —— 3 (* characteristic frequency x)
«/ind cap
wo
}= fo= ;
2.0m
1.0
a= 3
2res cap

To determine the circuit currents, a small resistor should
be placed in series with the input voltage or in series with
the capacitor.

Plot[{soln, e}, {t, 0, 100 -10-%},
PlotRange - All,
AxesLabel -» {"time", "amplitude"},
PlotLabel -» "Parallel RLC Response",
PlotLegends -» "Expressions"]

Parallel RLC Response

amplitude

1.0

1
)

-1.0F




RLC DC Series Circuit

: . 2 . .
LY Ri+d [idt=v or di Rd 1,;_0
dt cfd n dt2 L dt  LC

The circuit equation is found by

Clear([L1, R1, C1, Vin, 1] writing KVL around the loop.

DSoIve[{'i"[t] i irrt] + j[t] == 0, i[0] == 0, i'[0] == m} i[t] t] //
b b Ll b )

L1 L1C1
FullSimplify

R1t j
2 \/C1 e 201 Vin Sinh | LALLARIZ L

2+/C1L1 ] }}

{{'i [t] -
G 4l Cint2
RLC Series Circuit
R1t

2 4/C1 e 211 Vin Sinh ‘/"‘;;%1:‘112 t] ; R L C

1 ; —— AA—— T |
A/-4 L1 + C1 R12 - o —-—

Vin=1: VR vr, (e

-1: e
L1 = 1; vzt ——
Rl = 1;
Cl-= 1;

Courtesy: Math for Engineers

Page 149 of 175


http://www.mathforengineers.com/transients-in-electrical-circuits/series-RLC-circuit-response-to-a-step-voltage.html

Plot[i, (t, 0, 10}, PlotRange - All,
AxesLabel » {"Time", "Circuit Current"}]

Circuit Current

Time
10

VR = i R1;
1 L3 .
v€C = — J1 dt +Vin;
C1

vL = L1D[1i, t];
Plot[{VR, vL, VvC}, {t, ©, 10}, PlotRange - All,
AxesLabel » {"Time", "Circuit Voltages"},

PlotLegends -» "Expressions"]

Circuit Voltages

1.0

Time

— VR
— vL
— vC



RLC DC Parallel Circuit

Find the voltage J i cT

Ig=% I =1fvdt+i0) Ic=C%
Cd—"+‘§’+%jvdt+'i(0):l1-n

v T av 1 -
Cdt2+Rdt+LV-0

1stinitial condition v=0 @ t=0 (the capacitor acts as a short circuit)

2nd initial condition g—: = th @ t = 0 (all the current flows in the capacitor)

Clear[R1l, L1, C1, i, Iin, V]
v'[t] = v[t] =0, v[0] =0, v'[0] al
+ ES == = —
R1C1 L1C1 ’ ’ c1 /)’

v[t], t] // FullySimplify

DSo'lve[{v' "[t] +

FullySimplify|
Lo fitam?) 1 Jueam?)
e2 | IRl c1vuiRrL | _ o2 | CIRl C1vLIRL | ] Iin +/L1 R1
t -
b VL1 -4C1R12 H]

1] 1 _\/u-4c1n12 : 11 +\/|.1.4c1n12 4
ez ClR1 Clle -ez Cl1R1 Cl‘\/ERl I_in ,Ll R1

V= -
4/L1 - 4 C1R12
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R1=103;L1=0.44-103;C1=1-10"°%; Iin=-100-10"3;

Plot[v, {t, @, 0.2-107%},
PlotRange - All,
PlotLabel -» "Parallel Voltage",
AxesLabel -» {"time (sec)", "voltage"}]

Parallel Voltage

voltage

0.00005 0.00010 0.00015 0.00020

time (sec)

Find the Currents

v
IR= —;
R1

1
IL=— |Vat-TIin;
L1

IC = C1D[V, t];

Plot[{IR, IL, IC}, {t, 0, 0.2. 10-3}’

PlotRange - All,

PlotLabel -» "Circuit Currents",

AxesLabel » {"time (sec)", "Current"},
PlotLegends -» "Expressions"]

Circuit Currents

Current

0.10}
0.08f
0.06
0.04

0.02}

i -e

t 0.0000 00070

0.00015

time (sec)
0.00020

— IR
— L
— |IC



Mass-Spring Damper System

(;t)izx+2(wn %x+w2"=u | X

/k F,
& + 2{wn e + wiT = uwhere w, = / —; (’=——c—— —— .}
m 2mwy, m k

-

Clear[m, x, t, &, wn, k, c0, fext, m, u, soln, x0]

X0 = -13 (*initial positions) Courtesy: Wikipedia
vl = 03 (*»initial velocityx)

m=0.25; mass
3 ol Plot[x, {t, 0, 5},

PlotRange - All,
AxesLabel » {"t (sec)", "vertical position"}]

k = 63 (*spring constantx)
cO =0.5; (»damping constantx)

fext = 03 (xexternal forcex)
vertical position

,k
wn = -3 05
m
co
e
fext :
us= H
m -05F
soln = Dsolve[{x''[t] +2Zwnx'[t] +wn’ X[t] = u,
x'[0] =ve, x[0] =x8}, («+Initial Conditionss)
x[t], t] 7/ Fullsimplify 10
{{x1t] - et (-1.Cos[4.79583t] - ©0.208514 Sin[4.79583 t]) 1}
Advanced programmers can use the
copying the solution of x[t] above and equating it to x is the easiest way to proceed : .
more cryptic statement:
) & |
. x =soln[[1,1,2]]

(-1. Cos[4.795831523312719  t] - 0.20851441405707477  Sin[4.795831523312719" t]);
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. . Vertical Velocity
Ballistic Trajectory )

DSolve[{mvy'[t] +mg== 0,
vy[0] = v Sin[e]},

Ballistic Equations:
vy[t], t] // FullSimplify

Derived from Newton’s 2nd Law of Motion: F=m a

. e e : _d_ -d_ .
by definition: a = d‘t’ andv _d’t‘ {{vy[t] - -gt+vSin[e]})}
Ideal: m ddﬁ =0 and m ddﬁ =-mg
t i vy = -gt+vSin[e];

add an initial velocity vy at t = 0 if required.

If the initial velocity occurs at angle 6, then: v,[0] =v,Cos[6] and v;[0] = v,Sin[6] . o
Vertical Position =

. dvy dv
WithDrag:  m Z* +kv=0 and m—L+kvimg=0 DSolve[{my''[t] +mg = O,
y[@] =0,

y'[0] =vSin[e]},
y[t], t] // FullSimplify

to obtain the x and y velocity: solve the differential equations
to obtain the x and y positions: take the 2nd derivative and solve the equations

t? .
{{y[t] - _g2 + tvS1n[6]}}
Ideal Case
gt :
y=- 2 +tvSin[eDegree];
Horizontal Velocity Horizontal Position o
Flight Time =
Clear[nGlobal *"] DSOIVe[{m x'! [t] =0, gt2
' x[0] = O, Solve[- 5 +tvSin[e] == 0, t]
b AL ) x'[0] = v Cos[e]}, i oy
ledbd sl L x[t], t] // Simplify g
vx[t], t] // Simplify
{{X[t] > tvCos[B]}} ft = 14.416;
{{vx[t] - vCos[B]}}
x =tvCos[6]; Flight time can be determined by setting the

vx = v Cos[6];
altitude y, to zero and solving for time.



Plots &

area =0.18; (» surface area )

dc = 100;

(» drag coefficient due to shape, turbulance
p=1.21; (* air density =)

g=9.81; (*» gravitational acceleration x)

m=75; (* mass =)
1
k=5pdcarea;

@ =453 (» launch angle «x)
v=100; (» initial velocity x)

WIKIPEDIA
The Free Encyclopedia

Ideal Ballistic Trajectory

Height
250
200
= 150
100
50

aunch Angle = 45deg
ity = 100m/s

Flight Time = \.416sec

200 400 600

ParametricPlot[{x, y}, {t, ©, ft}, PlotRange - All,

PlotLabel » "Ideal Ballistic Trajectory",
AxesLabel » {"Range", "Height"},
ImageSize -» Medium,

Epilog - {

Text[Row[{"Launch Angle = ", &, "deg"}], Scaled[{0.95, 0.9}], Right],
Text[Row[{"Velocity = ", v, "m/s"}], Scaled[{0.95, 0.7}], Right],
Text[Row[{"Flight Time = ", ft, "sec"}], Scaled[{0.95, 0.5}],

Right]}]

Range
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With Drag

Horizontal Velocity &

- Clear["Global %"]

DSolve[{mvx'[t] + kvx[t] == 0O,

vx[0] ==vCos[O]},
vx[t], t] // Simplify

Horizontal Position =

DSolve[{mx''[t] +kXx"'[t] =0,
X[0] =0,
x'[0] =vCos[O]},
x[t], t] 7/ Simplify

[l—e‘kﬁt] mv Cos [6]

% }}

{{x[t] .

Vertical Velocity =

DSolve[{mvy'[t] +kvy[t] +mg==0,

vy[0] = v Sin[e]},
vy[t], t] // FullSimplify

kt

-gm+e m (gm+kvSin[6])

{vyitr » »

3

kt
_kt k t
i Hvx[t] >e m vCos[e]H (1_e'th)mvCos[e] o -gm+e m (gm+kvSin[eDegree])
X = ’ ; ,
kt k ’
-vX=e m vCos[6Degree];
Flight Time =
1 . kit :
Vertical Position « Solve[; m [gm-gkt+kv$1n[eDegree] -em (gm+ka1n[eDegree])) =0, t]
. ' - 1-kvsin[®e]
sl et s 0 S gm+ gmProductLog|- ¢ T 8" gmkvsinop +kvsin[°® o]
y[0] =0, {{t_, gEm
y'[0] = vSin[e]}, gk

y[t], t] /7 FullSimplify

. ft = 11.403891144324234";
t

m (gm-gkt+ka1'n[e] -e m (gm+ka1'n[e])]
t] -

i @ )

kt
m

The exact nature of drag is very
complex. Each application relies heavily

1
y=—2m(gm-gkt+ka1'n[eDegree]-e' o
k on emplrlcal measurements.

(gm+ka1’n[eDegree]));



Plots &

area =0.18; (» surface area «)|

dc = 100; (» drag coefficient due to shape, turbulance etc. x)

p=1.213 (* air density =) Ballistic Trajectory

. . . Height
g=9.81; (+ gravitational acceleration x) _
m=75; (+ mass #) 1501 Laurth Angle = 45 deg
1l [ k=10.89
k=5pdcarea; : g=100
100 } ;
@ =45; (» lLaunch angle =) ' Ve:toc':y1'40°"vs
= . sec
v=100; (» initial velocity «) _
50 |
ParametricPlot[{x t, 0, ft}, PlotRange -» All k.. . . - ] e
[{X> ¥} %, 8, TE, g ’ 50 100 150 200 250 el

PlotLabel » " Ballistic Trajectory",

AxesLabel -» {"Range", "Height"},

Epilog - {
Text[Row[{"Launch Angle = ", &, " deg"}], Scaled[{0.95, 0.9}], Right],
Text[Row[{"k = ", k}], Scaled[{0.95, 0.8}], Right],
Text[Row[{"Drag = ", dc}], Scaled[{0.95, 0.7}], Right],
Text[Row[{"Velocity = ", v, " m/s"}], Scaled[{0.95, 0.6}], Right],
Text[Row[{"ft = ", ft, " sec"}], Scaled[{0.95, 0.5}], Right]}]
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Convolution

Auto-convolution of a Step Function

Clear[x, y]

Plot[UnitStep[x], {x, -1, 1},
Exclusions - None,
PlotLabel -» "Step Function",
AxesLabel » {"t", "f(t)"}]

Step Function

WIKIPEDIA

The Free Encyclopedia

T is a dummy variable.

. Convolve[UnitStep[t], UnitStep[t], t, t];
Plot[%, {t, -1.2, 1.2},
PlotLabel -» "Auto-Convolution of a Step Function",
AxeslLabel -» ("t", "f(t)"}]

Auto-Convolution of a Step Function
f(t)

f(t)
1.2}
1.0
1.0+
0.8
0.8
0.6
06+
04 04}
0.2 0.2+
. t
- : ! — t -1.0 -05 0.5 1.0
-1.0 -05 0.5 1.0
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Convolution of a Pulse & Exponential

Clear [pulse2, t, a, exp2, con2]

pulse2 = UnitStep[t + 1] - UnitStep[t-1];
Plot[pulse2, {t, -2, 2},
PlotLabel - "Pulse",
AxesLabel » {"Time", "f(t)"},
Exclusions - None]

Pulse
f(t)

0.8f

06}

04}

0.2

— Time
2

a=100;

exp2 =e? tz;

Plot[exp2, {t, -2, 2}, PlotRange » {0, 1},
PlotLabel -» "Exponential",
AxesLabel » {"Time", "f(t)"}]

Exponential
(t)

]

0.9

0.6r

Time

con2 = Convolve[exp2, pulse2, t, t];

Plot[con2, {t, -2, 2},

PlotRange - All,

PlotLabel -» "Convolution of a Pulse and Exponential",

AxesLabel » ("Time", "f(t)"}]

Convolution of a Pulse and Exponential
f(t)

0.15}
0.10¢

0.05¢

Time
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Discrete Convolution of a Rectangular Pulse and ideal LPF

Clear[ns, k, hsig, xsig, xrev, con]

ns = 64;
k = Table[i, {i, 1, ns}];

hsig = Table[ (UnitStep[n] - UnitStep[n - 30]), {n, 1, ns}];
xsig = Table[UnitStep[n] - UnitStep[n - 10], {n, 1, ns}];
xrev = Reverse[Take[xsig, {1, ns}]];

con = ListConvolve[hsig, xsig, {1, -1}, 0];

GraphicsGrid[{

{ListPlot[ hsig, PlotRange - All,
PlotLabel - "System Function", Filling - Axis]},

{ListPlot[xsig, PlotRange - All,
PlotLabel -» "Input Signal", Filling - Axis] ,

ListPlot[xrev, PlotRange - All,

PlotLabel - "Reversed Input", Filling - Axis]},

[{ListPlot[ con, PlotRange -» {{0, 40}, All},
PlotLabel - "Output (Convolution)", Filling - Axis,
PlotStyle -» Red]}},

ImageSize -» Medium)
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10 20 30 40

Reversed Input
1.0F e
0.8
0.6
0.4
0.2

0 10 20 30 40 50 60

This demonstrates that if a square pulse passes through an
ideal low pass filter (LPF), the output is distorted.



Discrete Convolution of a Sinc Pulse and ideal LPF

Clear[ns, k, hsig, xsig, xrev, con]

ns = 64;
k = Table[i, {i, 1, ns}];

hsig = Table[(UnitStep[n] - Un1'tStep[n - 10]1), {n, 1, ns}];

Xsig = Tab'l.e[S1nc[—87r] {n, —ns+1 }]

xrev = Reverse[Take[xsig, {1, ns}]];

con = ListConvolve[hsig, xsig, {1, -1}, 0];

GraphicsGrid[{
{ListPlot[ hsig, PlotRange - All,
PlotLabel » "System Function", Filling - Axis]},
{ListPlot[xsig, PlotRange - All,
PlotLabel -» "Input Signal", Filling - Axis] ,
ListPlot[xrev, PlotRange - All,
PlotLabel -» "Reversed Input", Filling - Axis]},
{ListPlot[ con, PlotRange -» {{0, ns}, All},
PlotLabel -» "Output (Convolution)", Filling - Axis,
PlotStyle -» Red]}},

ImageSize -» Medium]
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0.6
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0 10 20 30 40 50 60

Input Signal Reversed Input
1.0} n 1.0} -
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Output (Convolution)

0%,

10 20 30 40 '50 60

This demonstrates that if a sinc pulse
passes through an ideal low pass filter
(LPF), the output is not distorted.
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Correlation

All communications signals pickup noise. In simple systems, it is often possible to eliminate this noise by means of
bandpass filters. However, if the noise dominates the signal, correlation techniques are used.

If the signal has a known pattern, it can be extracted even from a noisy environment. This technique is used in satellite
receivers and CDMA cell phone systems.

Clear[sc, spc, nos, dt, n, autoCorSigl, corSiglSig2, corSiglsSig3, corSiglSig4) _
: Of these 4 signals, only 1

sc =4; (+signal cycless) correlates with signal 1

spc = 64; (xsamples per cyclex)

nos = sc spc; (*number of samplesx)

f1 =10; (xfrequency 1x) B

f, = 12; (»frequency 2+) .~ ListLinePlot[{autoCorSigl, corSiglSig2, corSiglSig3, corSiglSig4},

f3 = 14; («frequency 3s) PlotLegends » {"signall 10Hz", "signal2 12Hz", "signal3 14Hz", "signal4 16Hz"},

fs =16; (xfrequency 4x) .
* ’ AxesLabel -» {"sample", "Correlation"},

dt =

s (xti i Tt
spcf, RIS TR PlotLabel -» "Correlation with signall 10 Hz"]

signall = Table[Sin[2 n f; ndt], {n, nos}]; (+signalls) Correlation with signal1 10 Hz

C lati
signal2 = Table[Sin[2x f, ndt], {n, nos}]; (+signal2s) TR

signal3 = Table[Sin[2x f; ndt], {n, nos}]; (*signal3x)

signald = Table[Sin[2 x fy ndt], {n, nos}]; (+signalds) 100 sl ol
autoCorSigl = ListCorrelate[signall, signall, {1, 1}]; al — signal2 12Hz
corSiglSig2 = ListCorrelate[signall, signal2, {1, 1}]; B N — signal3 14Hz
corSiglSig3 = ListCorrelate[signall, signal3, {1, 1}]; — signala 16Hz

corSiglSig4 = ListCorrelate[signall, signal4, {1, 1}]; _s50f

-100 |
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signall = Table[Sin[2x f; ndt], {n, nos}]; (xsignallx)

signal2 = Table Sin 27r fondt + —] {n, nos}] 3 (xsignal2x)
' A signal will alway auto-correlate

signal3 = Table :S'in .2 nfy3ndt+ ;] s {N, nos}] 3 (*signal3x) sviEn 1 arE e hes 8 dlerers

: i 3
signald4 = Table|Sin|2x fy ndt + T”]’ {n, nos}]; (*signaldsx)

Signal Phase is not Important

Correlation

100 F

—— 0 phase shift
: —t
50 4
' — 2
— 2
. s, DXL
-50} 4

~100
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combinedSig = Table[Sin[2x f; ndt] + Sin[2x f, ndt] + Sin[2x f3 ndt] + Sin[2x f4 ndt],
{n, nos}];
ListLinePlot[combinedSig,
AxesLabel -» {"sample", "Signal"},
PlotLabel - "Combined Signals™") A complex signal

Combined Signals

Signal

sample

combinedCorSigl = ListCorrelate[signall, combinedSig, {1, 1}];
ListLinePlot[combinedCorSigl,

AxeslLabel -» {"sample", "Correlation"},

PlotLabel » "Correlation with Signal 1"]

Signal 1 (or any other signal) can be Correlation with Signal 1
. . Correlation
extracted from this complex waveform, if

correlated with the correct signal. o
50
; * . : : sample
50 10 150 20 250
Correlation can be used to support COMA. _sol
Each channel uses the same frequency,
but a different digital modulation code. st




Correlation & Noise

Clear[na, sinSignal, sinSignalTable, sinReferenceTable,

value]

dt = .01;(+xtime incrementx)
f =1; (»frequency or number of cyclesx)

tw=1; (xtime window normalized to 1x)

. sinSignal[t_] := If[l< t <2, Sin[2xf t], ©];
Plot[sinSignal[t], (t, 0, 3 tw},

PlotRange - All,

PlotLabel -» "Sine Signal",

AxesLabel » {"t", "Amplitude"}]

Sine Signal

Amplitude

1.0t

05F

0.5 1.0 1. 0 25

-05F

-1.0F

3.0

To observe the entire correlation process,
the signal is placed in middle so that the
reference can be placed on either side.

ListPlot[sinReferenceTable,
PlotLabel - "Sampled Reference",
AxesLabel -» {"n", "Amplitude"}]

Sampled Reference

. sinReferenceTable = Table[sinSignal[t], (t, 1, 2, dt}];

Amplitude
1.0+ P L
o *
Reference waveform
05}
L L L . A n
20 40 ., 60 80 100
-05f
-1.0} ..."-o-"'..
noise = Table[RandomReal[{-1, 1}],
{x, Length[sinSignalTable]}];
ListLinePlot[noise, Noise

PlotLabel -» "Noise"]

Noise

LAY
il
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Hanipulate[

Grid[{{
Show[ListPlot[ListCorrelate[sinReferenceTable, na noise + sinSignalTable, 1, 0],

PlotRange - All,

ImageSize » Medium,

GridLines - Automatic,

AxesLabel -» {"sample", "Correlation Result & Value"}],

value = ListCorrelate[sinReferenceTable, nanoise + sinSignalTable, 1, 0] [[offset]];

Graphics[{PointSize[0.02], Point[{offset, value}] }],

Epilog -»

Text[Row[{"Correlation = ", value}], Scaled[{0.6, 0.9}], Left]] },

Plot the correlation.

noisySignal = nanoise + sinSignalTable;
offsetReference = Table[sinSignal[(t - (offset-1)dt)], {t, 1, 4, dt}];

{Show[ListPlot[{noisySignal , offsetReference},
PlotRange » All,

ImageSize - Medium,
Position the reference with

respect to the signal

GridLines -» Automatic,
Joined - {True, True},
Filling - {2 -> Axis},

AxesLabel -» {"sample", "Reference & Signal"}]11}}]1,

{{na, ©, "Noise Amplitude"}, 6, 5, Appearance » "Labeled"},

1 2
{{offset, o "Reference Offset“}, L i 1, Appearance-."Labeled“},

SaveDefinitions - True, ControlPlacement » Top,

FramelLabel » "Sine Wave Auto-Correlation"]



Adjust the reference offset to
achieve the maximum correlation.

— , | 3
Noise Amplitude | 0 Noise Amplitude e | . E4 1.015
Reference Offset e= ) ) 100. Reference Offset [ ) 145
Correlation Result & Value Correlation Result & Value
A Correlation = 50. 40 [\ ' Correlation = - 16.9659
40} ily | | | . |\
:. 30 :‘ r
20
20+ . - .
10 . '..
N - I T I + sample 5'0 N 60 B 5'50 230\..""—‘-250 e sample
50 & 100 % 150 200 250 300 _10 I é ¢ 1 _ A ,
-20+ Wi ‘ A . . . -20
-30
reTErenee: i Signal Reference & Signal
1.0t 1
05} t 1 A
: . — sample ‘ I m‘ : : ‘ sample
50 250 300 'l l I 18 r rn I," :!;1 | /B
-0.5 i _1
1.0l [
L _2 |

s 7 | ‘ﬂr[ Sine Wave Auto-Correlation

Maximum correlation occurs
when the signal and reference
are exactly aligned.

Even in the presence of extreme noise,
maximum correlation occurs when the
signal and reference are exactly aligned.
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Correlation & Digital Signals

pcmSignal[t_] := Piecewise[{{0, t <1}, {0.5, t <1.25},

(-0.5, t<1.5}, {0.5, t <2}, {0, t22}}]
Plot [pcmSignal[t], {t, ©, 3 tw},

PlotRange - All,

PlotLabel -» "PCM Signal",

AxesLabel » {"t", "Amplitude"}]

CDMA replaces binary bits with
- code chips. Correlation can then

PCM Signal .
Ampiitude be used to separate multiple
channels which use the same
04} .
carrier frequency.
0.2}
0,15 1t0 1i5 2.0 2j5 3..0 !
-0.2F
-04}

pcmSignalTable = Table[pcmSignal[t +dt], {t, 0, 3, dt}];

ListPlot[pcmSignalTable,
PlotLabel - "Sampled Signal",
AxesLabel - {"n", "Amplitude"}]

Sampled Signal
Amplitude
0.4F
0.2F
50 100 150 200 250 300
-0.2}
-04}

pcmReferenceTable = Table[pcmSignal[t], {t, 1, 2, dt}];
ListPlot[pcmReferenceTable,

PlotLabel - "Sampled Reference",

AxesLabel » {"n", "Amplitude"}]

Sampled Reference
Amplitude

04r

0.2f

20 40 60 80 100
-0.2¢

-04+

. noise = Table[RandomReal[{-1, 1}], {X, Length[pcmSignalTable]}];

ListLinePlot[noise,
PlotLabel -» "Noise"]

Noise




Hanipulate[

Grid[{{
Show[ListPlot[ListCorrelate[pcmReferenceTable, nanoise + pcmSignalTable, 1, 0],

PlotRange - All,
ImageSize » Medium,
GridLines - Automatic,
AxesLabel » {"sample", "Correlation Result & Value"}],

value = ListCorrelate[pcmReferenceTable, nanoise + pcmSignalTable, 1, @) [[offset]];

Graphics[{PointSize[0.02], Point[{offset, value}] }],

Epilog »
Text[Row[{"Correlation = ", value}], Scaled[{0.6, 0.9}], Left]] },

noisySignal = na noise + pcmSignalTable;
offsetReference = Table[pcmSignal[(t - (offset-1)dt)], {t, 1, 4, dt}];

{Show[ListPlot[{noisySignal , offsetReference},
PlotRange -» All,
ImageSize » Medium,
GridLines - Automatiic,
Joined -» {True, True},
Filling -» {2 -> Axis},
AxesLabel -» {"sample", "Reference & Signal"}11})}1,

{{na, ®, "Noise Amplitude"}, 6, 5, Appearance - "Labeled"},
1 2
{{offset, ? "Reference Offset“}, 1, = 1, Appearance-."Labeled"},

SaveDefinitions -» True, ControlPlacement » Top,
FrameLabel - "PCM Auto-Correlation"]
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Reference Offset e ———— | » & 100.
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L Correlation = 24.75
20+ -  d

15

10+ - ——

: — sample
250 300

-5

Reference & Signal

T

0.4

0.2

¥ DAY RN W A | LA T W | i1 8 gy nnnnlnnnnlsample
[ 50 100 1%0 200 250 300

-0.2

-0.4

Noise Amplitude e

Reference Offset e————————— |

» kd 0.625
 hd 122

PCM Auto-Correlation

Digital signals can be identified in
the presence of noise, if the chip
code is known

Correlation Result & Value

5 {
20+
15 -
10+ i s
5p ;
;..'f .1.'-4 -
-5+

Reference & Signal

1.0

0.5

-0.5

-1.0¢

Correlation = -3.41383

sample
250 300

sample

PCM Auto-Correlation

CDMA QOverview

CDMA by Langton & Levin



https://www.umtsworld.com/technology/cdmabasics.htm
https://complextoreal.com/wp-content/uploads/2013/01/CDMA.pdf

Animation

Rotating Unity Vector

Manipulate[
GraphicsGrid[
{{Graphics[
(* Row 1 «x)
{(* Column 1 Graphic - A Circle x)
{LightGray, Circle[{0, 0}, 1]}, (» large circle )

PlotRange -> {{-1.5, 1.5}, {-1.5, 1.5}},
AspectRatio- 1,

Disk[{0, 0}, 0.05], (* small black circle in the center x)
Circle[{Cos[®8], Sin[©]}, ©0.05], (*» circle at the end of the vector «)
{Red, Line[{{0, O}, {Cos[B], Sin[6]}}]1}(* radius line «),

{Gray, Dashed, Line[{{Cos[®], 0}, {Cos[6], Sin[6]}}]} (» Cosine x),
{Gray, Dashed, Line[{{0®, Sin[6]}, {Cos[6], Sin[6]}}]}(* Sine x),

{Red, Dashed, Circle[{0, 0}, 0.5, {0, 6}]}(» angle «),

{Red, Text["e", {0.25, 0.1}]},

{Gray, Line[{{0, 1}, {0, -1}}]},
{Black, Text["y = Sin(e)", {0, 1.1}]},

{6ray, Line[{{-1, 0}, {1, 0}}]},
{Black, Text["x = Cos(&)", {1, 0.1}]}
>

(* Column 2 Graphic - Horizontal Sine Wave =)
Plot[sin[x], {x, 0, 6},

PlotRange -» {{0, 27}, {-1.1, 1.1}},

Ticks -» {{e, g, 7, 37", 27r}, Automat‘ic},

AspectRatio » 1, AxesLabel » {"e", "Sin(e)"}

I}

(* Row 2, Column 1 Graphic - Vertical Cosine Wave x)
{Rotate
[Plot[Cos[x], {x, 0, 6},

PlotRange -» {{0, 27}, {-1.1, 1.1}},

Ticks » {{0, g, n, 37", 27r}, Automat‘ic},

AspectRatio -» 1, AxesLabel » {"e", "Cos(6)"}

[ =21}

({6, Pi/4, "Angle in Radians"}, 0.001, 2w, Appearance - "Labeled"},
(*» a small initial value of & is need, otherwise the plot will fa

FrameLabel - "Rotating Unity Vector“]

il for @ = 0 x)
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To run the animation, click on the +

le in Radians e} 3 + S
= g sign at the end of the Angle slider.
y= Sin(6) Sin(6)
1.0¢
05¢
Cos(6)
0.0 : : : . 0
= m in 2
2 2
-05¢
-1.0¢

I |
- o o o .
=) » o o og
/32
(S =
=
w
N el
Nh
=
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Rotating Unity Vector




A Simple Pendulum

This example only works for small angles = 100
Clear([t, 6, 60, 1, w, T, m, g]

g = 9.80665;

m=1; The equations are more
complex for large angles.
Manipulate[
’ g
W= I; (» angular frequency =)
2
T=—3 (% period =)
w
b Defining equations
6 =60 — Cos[wt]; (» angle «x)
180
180
ed=0 — 3 (* angle 1in degrees =)
b
vii=mgSin[e]; (» force tangential to movement =)

v2:i=mgCos[O]; (» force perpendicular to movement «)

2
av = \/Tg (Cos[©] - Cos[e0 Degree]) ;3 (* angular velocity =)
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Graph1cs[

{

Line[{{-0.1, 0}, {0.1, ©O}}] (* Ceiling =),
Line[{{0®, 0}, {LSin[©], -1LCos[©]}}], (* arm «)
Disk[{l Sin[e], -1 Cos[©]}, ©0.05], (* bob )

{Gray, Dashed, Line[{{0©®, 0}, {0, -1}}]} (* vertical Line «),
-100r -80x

Drawing the pendulum

{Gray, C‘Irc'l.e[{e, 0}, 1, { g | }] }(* pendulum path =),

Text[Row[{"period = ", T, " sec"}], (0.5, -0.1}],

Text[Row[{"e = ", ed, " deg"}], {0.5, -0.2}],

Text[Row[{"m g Sin[e] = ", v1, " "}], (0.5, -0.3}], Adding computational details
Text[Row[{"m g Cos[e] = ", v2, " "}], (0.5, -0.4}],

Text[Row[{"angular vel. = ", av, " rads/sec"}], {0.5, -0.5}]

}s
PlotRange » {{-0.5, 1}, {-1.11, 0.1}},
PlotLabel -» "Small Angle Pendu'lum"] 9

{{t, ©, "Time"}, 0, 106 T, Appearance -» "Labeled"},
{{e®, 10, "Initial Displacement (deg)"}, -10, 10, 1, Appearance - "Labeled"},
{{\, 1, "Length (m)"}, 0.1, 4, .1, Appearance -» "Labeled"},

FramelLabel - "Not in Real Time"



To run the animation, click on the +

. sign at the end of the Time slider.
Initial Displacement (de () e — 10
Length (m) eo— 1

Small Angle Pendulum

period = 2.00641 sec
6 =4.299 deg

m g Sin[6] = 0.735119

m g Cos|6] = 9.77906

angular vel. = 0.492734 rads/sec

Not in Real Time
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